Technical Appendix A to Accompany
“The Impact of Vertical Integration on Losses from Collusion”

by Germén Bet, Shana Cui, and David E. M. Sappington

Part T of this Appendix provides detailed proofs of the formal conclusions in the paper.
Part IT characterizes outcomes under ubiquitous collusion, where Ul, U2, D1, and D2 all
collude to maximize their joint profit. Part III illustrates the qualitative changes that can
arise when Ul and U2 are able to set two-part tariffs. Part IV provides additional conclusions
from numerical solutions. We begin by reproducing the key equations in the paper.
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I. Proofs of Formal Conclusions

Lemma 1. Suppose Ul and U2 do not collude. Then both in the presence of downstream

price competition and in the presence of downstream quantity competition, Ul and U2 both
offer input price c¢* to: (i) D1 and D2 under VS; and (ii) to D2 under VI.

Proof. The proof of conclusion (ii) follows from Findings 1A — 1C below. The proof of
conclusion (i) is similar but more straightforward, and so is omitted. For convenience,
the proof of conclusion (ii): (a) assumes Di purchases the input from Ui (i = 1,2) when
indifferent between purchasing the input from U1l and U2; and (b) focuses on settings where
D1 and D2 both produce strictly positive output in equilibrium.

Finding 1A. Suppose D2 buys the input from U2 at unit price wo whereas D1 secures the
input from Ul. Then in the absence of collusion under VI, the combined equilibrium profit

of Ul and D1 under downstream quantity competition is:
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Proof. Standard techniques (see the proof of Lemma 4) reveal that the equilibrium outputs
of D1 and D2 in this setting are, respectively:
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(12) and (14) imply that the combined profit of Ul and D1 is as specified in (11). O

Finding 1B. Suppose D1 and D2 secure the input from Ul at unit price wy. Then in
the absence of collusion under VI, the combined equilibrium profit of Ul and D1 under

downstream quantity competition 1s:
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Proof. (12) implies that the equilibrium outputs of D1 and D2 in this setting are:
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Therefore, the equilibrium downstream price is:
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(16) and (17) imply that the combined profit of Ul and D1 is as specified in (15). O

Finding 1C. In the absence of collusion and in the presence of downstream quantity com-
petition under VI, D2 purchases the input from U2 at unit price we = c* and D1 secures
the input from Ul.

Proof. Suppose U2 sets wy > ¢* at a level that generates positive equilibrium output for
D2 if D2 purchases the input from U2 and D1 secures the input from Ul. Then if Ul
sets wy > wq, D2 will purchase the input from U2 and D1 will secure the input from UL.
Consequently, the combined profit of Ul and D1 will be II(w,), as specified in (11). If Ul
sets w; just below wy, D2 will purchase the input from Ul and D1 will secure the input from
Ul. Consequently, the combined profit of Ul and D1 will be nearly I} (wy), as specified in
(15). (11) and (15) imply:
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The last inequality in (18) reflects (12). Consequently, Ul will find it most profitable to
slightly undercut any such wy > ¢*. In response, U2 will find it most profitable to match
the lower price set by Ul. Therefore, the equilibrium value of the input price offered to D2
cannot exceed c".

U2 will secure negative profit if it sets wy < ¢* and either D1 or D2 purchases the input
from U2. In contrast, U2 can secure zero profit in equilibrium by setting ws = ¢*. This is
the case because Ul will not reduce w; below ¢* in response. Doing so would both reduce
D1’s downstream profit and cause Ul to incur a loss on its sale of the input to D2. Therefore,
the equilibrium outcome is as specified in the Finding. [J

The corresponding findings under downstream price competition are proved in analogous
fashion. Together, the findings ensure the conclusions in the Lemma hold. W



Lemma 2. Suppose Ul and U2 do not collude. Then under VS and under VI,

for i, j € {1,2} (j # i), Di’s equilibrium output and profit are, respectively:*
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Proof. To prove conclusion (i) in the Lemma, first consider VS. (2) implies that 815—;@ =—1.

Therefore, (3) implies that when Di incurs unit cost ¢;, its profit-maximizing choice of ¢; is
determined by:
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(21) implies that Di’s profit-maximizing output is as specified in (7).
w; = wy = ¢* when Ul and U2 do not collude. Therefore, (7) implies:

20, — v A;
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The first line in (19) implies that P;(-) — w; — ¢ = ¢;. Therefore, (3) and (22) imply:

!The superscript “n” in equation (5) denotes the setting with no collusion between Ul and U2. The su-
perscript “Q” denotes downstream quantity competition. The superscript “P” denotes downstream price
competition.
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As explained in the text, outputs and profit are the same under VS and VI when w; =
wy = ¢*(so Ul and U2 secure no upstream profit).

To prove conclusion (ii) in the Lemma, first consider VS. (Again, outcomes are the same
under VI because w; = ws = ¢" in the absence of collusion). Under VS with downstream
price competition, D; chooses P; to:

Maximize [P —w; — ] q. (24)

(24) implies that Di’s profit-maximizing choice of P; is determined by:
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(25) implies that in equilibrium:
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(26) and (27) imply:
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(27) and (31) imply D2’s profit-maximizing choice of P; is determined by:
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w; = wy = ¢* when Ul and U2 do not collude. Therefore, (28), (35), (36) imply:
(279" Ai =4y
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choice of P; is determined by:
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e AR AV
= w; = {T:|C —|—7—TJ—|—§MJ‘. (42)

By symmetry, (42) implies:
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Proof. The first line in (19) implies that P;(-) —wy — 4 = ¢o. Therefore, (3) and (44) imply:
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2 4 — 2 41 4 -2 41 4 -2
1Q _ u A2 RP A pg _ [8-97]Ai-294 1Q _ 2[As Ay
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(2) and (46) imply that ¢ is determined by:
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= qlzé[al—c —ccll]—iqg:?—iqg. (47)
(20) implies that D2’s choice of g, under VI is:
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(49) — (51) imply:
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Under VI, Ul and U2 choose ws to:
Maximize [Py(-) —c* —¢f | qi(-) + [w2 — *] ga(-). (53)
(53) implies that Ul and U2’s profit-maximizing choice of ws is determined by:
P () a1 90 () 210)
il SRV By = NN —c" = 0. 4
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1
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_ 58
= Wy c’ + 2[8—3”}/2] ( )
(49) and (58) imply:
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2[8 —372][4—~?] a 2[8 —342]

(50) and (58) imply:
4(2—~2 Ao+ 3A1
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R CE 2l P R e P o

2
2A2 —7A A
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roposition z. 2 = 2 Ay A 9 2(Ag—v A1) 9 A, )

Proof. The first line in (19) implies that P;(-) —wy — 4 = ¢o. Therefore, (3) and (60) imply:

me = [qur = {2(22__312&)}2. (61)

(23) and (61) imply that when ﬁ—f € (, %)

7 _ on_ 1Q _ 200 —7A ] [2(A2—74Ay) 2.
2 S 4— 42 8 — 372

(60) implies that 2% = 0 when Ay —7A; < 0 & 2—3 < ~. D2’s profit is 0 in this

case. Therefore, (23) implies:

n 20y — v 2 2 Y
Theorem 1. L% > L5 for all ﬁ—f € (%,%)
Proof. Propositions 1 and 2 imply that when ﬁ—f € (3,7):

172A, — vA; 12
o ey S et § > 0.
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2A2—’7A1 Z[AQ—’}/Al] AQ 8—’72

< —— < 62
2[4—~7] 8397 Ay 27 (62)
The inequality in (62) holds when 2—? C (7,%) because:
2 8 — 2
- < T o 4<8-7 e <4 1
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2—72 | Aj—v4; .. . .
Lemma 5. w?f = c“—i—%Ai and ¢?¥ = [2[17_7]2#32] for i, j € {1,2} (j # i) when
2
ﬁ_?€<2172727’y )

Proof. (4) and (28) imply that Ul and U2 choose w; and wy to maximize:

[2—72][041—101—0(” _7[042—102—03}

174~ 7]

(2= [z —wo— ] =7 [ar —wi — f]
[1=72][4—=77]

[wy — "]

+ [MQ_CU‘}

(63) implies that the profit-maximizing value of w; (i € {1,2}) is determined by:
[wi =] [= (2=9") [+[2=7"] [as —wi = & | =y [y —wj — & [+ [w; — "] = 0
= 2[2-9]w = 27" —7y]+ 2] [ai =] =7 [y — ] + 27wy
= 2[2—-7]w = 2[2-"—7y]"+[2=7"] [as = — ]
— o= =] + 27,
A T4, g

}C T2 A Ta

2-9"—vy
2 —~2

(64) implies that in equilibrium:

2 _~2 . .
w, = |22 e B YA
22 2 2[2—12
2 —~2 — A AV
I o w2 _ 0 T,
2 -2 2—19? 2 2(2-7*) 27

(64)

15



2 —~2 22—~ 2 2(2—12)
Lo |2 = 2=y 2= =) [ 4,
(2—72)" | gl g (2—79?)
Lo |G 2 L (22
1o(2=92)° (2—72)° 2(2—-72)% |
L1

(28) and (65) imply:

SP _ 1 2 d d 2
G = [1_72][4_72]{[2_7 Jlai—c] =]y =¢f] = [2=7"] wi+yw; }

- | 2 e )l

— [2=77] [c“+%Ai] +7{cu+%AJ} }

= [1_72]1[4_72]{ [2_72] [ozi—c"—cﬂ—’y[aj—c“—c;l]

- enfia] 2]

2

1 2
- A () A

2
7&+%@}

2

2_; Ai—%A]‘ [2—’)/2]AZ‘—’)/AJ'

[1—72][4—7%]  2[1—-7%][4—7?]

u (66)

Proposition 3.

2
2—792) Ay —yA

1_172 {< 4)_722 1} when ﬁ_i € (%a 2_772)

LSP _ 3 (2*’72)A2*7A1 2 Ao ~ 2—~2
2 4[1-12] 4—v2 when A_1€(2—72’ ¥ )
1 (2*72)A277A1 [Ag] h Agy 2—42 2
1—92 4-72 4 wnen A_le( y 7;)
\

16



Proof. (66) implies:

A y 2 — 2
SP d SP h =2 .
g7 > 0 and g¢; >0wenA1€ i ) (67)
(38), (39), (66), and (67) imply:
1 (2 =) A =74 ’
SP _ [1_ A2 spi2 _ '
2 [ ’7][(]2 } 1_,}/2 2(4_,.)/2) (68)
(40) and (68) imply:
LS? = 73f —nsF
_ 1 (2—72)A2—7A1 2_ 1 (2_72>A2—7A1 2
1= 4—12 1 — o2 2(4-12)
. 3 (2—’}/2)A2—’7A1 2
4192 4—2 '
(66) implies:
o A g AV 272
sp £ =2 . ,SP £ =2 )
g < 0i A, < vk ¢ < 0i A, > 5 (69)

(69) implies that when ﬁ—j < # under VS, D2 is driven from the market in the presence
of downstream price competition. Dy’s profit is zero in this event. Therefore, (40) implies:
2
LgP _ P 1 (2-9%)Ar =74 Ay T

hen — € (-, ——).
2 1 — 2 4 —~2 whe Aq (2 2—72)

(69) implies that when ﬁ—j > # under VS, D1 is driven from the market in the presence
of downstream price competition and upstream collusion. (2) implies:

G2 = g — P, when qu = 0. (70)

(70) implies g—g = —1. Therefore, (38) implies that D2’s profit-maximizing choice of Ps
is determined by:

Q2(')—[P2—w2—cg} =0 = P2—w2—0g = C]Z(')- (71)
(70) and (71) imply: J
G = w_ (72)

2

(4) and (72) imply that when ¢¥ = 0, Ul and U2 choose w; to maximize:

g -] [ 22222 (73)

17



(73) implies that the profit-maximizing value of ws in this case is determined by:

d U d U

iy — Wa — Cy Wy — C Qig —Cy + ¢
_ -0 = = = = - 74
2 2 2 2 (74)

(72) and (74) imply:

_d _qd u _.d_ u A
o = Qp —Cy  Qp—CG+c _ oo B2 (75)
2 4 4 4

(38), (71), and (75) imply that when ¢;¥ = 0:

2 A, 1P
2
ml = [¢7] = [T] . (76)
(40), (69), and (76) imply:
1 2-72) Ay —7A 17 [A ] 2 — 42 2
ISP = ( 1) A — v Ay | B2 when =2 ¢ ( ’Y’_).
1—~2 4—? 4 Ay v
3 8 — 2_ 4 A176 AQ
Lemma 6. wif = c“—l—%, gt = [ 2[71,772}}[8+72? ; and
[2+72]A277[2+72]A1 Ao 8 _n~2 _ 4
G = T Eeenoar o when 3} € (7).
Proof. (33), (35), and (36) imply:
orn 3y o 9 v o O 2 (77)
Owy 4—~27  Owy 4—~27  OJwy 4—~2"
Under VI, Ul and U2 choose ws to:
Maximize [Pi(-) —c* —cf ] qi(-) + [w2 — ] ga(") - (78)

(78) implies that Ul and U2’s profit-maximizing choice of wy is determined by:

9q. (") ~up9%()

P (-)

8w2

O + [P =" =] = 0. (79)

(77) and (79) imply:




(33) implies:

d 1

P —c"—¢f = 4 — ;{27 ar+2[1 =] +2 +3ywy —yas +7¢5

- (4= (4] )

= A2 —[2-7 ]l —vas v+ [ 27 =242 " + 37wy }

4—n
1
= a2 e - 2] = 297 " —ran by et =Byt 3y ws)
1
B 4—72{[2—72} Ar—vAy =3y +3yws }. (81)

(35), (36), (77), (80), and (81) imply:

37 2 2 U 2
2[1_72][4_72]{2[2_’7 AT =27 As+27[1—~*] =2y [1 =] ws}

[2—72} Ay —7Ay —3vc" +3ywe } —2[we — "]

4 —~2

W{Q[z—ﬂ@—mmwlp—y?} " —4[1=]w} =0

= 37[2(2-7")A1 =278+ 27(1=7%) " =279 (1 =) we ]
—29[1=7][(2-7") A1 =72y =37y + 37w |4 [1—7*] [4—7*] [w2 — "]
+ [4-7][2(2-7") A —27A144(1—7%) " =4 (1—=7*)wy] =0

= 67[2—7"]A1—67*A0+67* [1 =77 ] "—67° [1 —7* ] ws
—29[1=7][2=7"] A1 +29°[1=79%] A+ 6+ [1 =] " =677 [1 =7*] w,
—4[1=][4=][we—c"]+2[2=] [4 =] As =27 [4 -] A4
+a[1-2][4=2] ¢ —4[1-2] [4=*]wy = 0

3(2=7")-(1=-7)(2-7) - (4=7")] &

+2[Y(1-7") =37+ (2=-7") (4—7%)] A,

= 27

_|_

[
[
A[1=2][4=] [ —wa ]+ 67 [1 =77 [¢" — wo]
4]

1= [4=] " —w]+67° [1 =] [* —w2] = 0

+
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= 2v[(2+77) (2-9°) = (4=7*)] A,
+2[77(=2-7°) +(2-77) (4=77) | A
+8[1-7*][4=7][" —wa]+ 129 [1 =] [* —w2] = 0

= 27[(4—74)—(4—72)}A1+2[—272—v4—l—8+v4—672]A2
+4[1—ny] [8—272—!—372][0“—102] =0

= 27 [1=7"] A+16 [1 =72 ] Ag+4 [1— %] [8+7°] [¢" —wa] = 0

3
= PA+8MA+2[8+]["—wn] = 0 = wgP:cu%. (82)
(35) and (82) imply:

P _ 1

_A2TA - 91
S 2[1—72][4_72]{2[2 VA =270 +27[1-7%] ¢

SA; + 8A
_on1-A2] | oL T o2
7[ ’Y}{c+2(8+72)

1 ) B - L
:2[1—72][4—%]{2[2‘”% 2782 =71 v]{

7 A1+ 84,
8 + 72

1 2 . 2
- 2[1—72][4—72][8+72]{2[2_7H8+7]Al 278 + 7] A,

- 74[1_72} Aq —87[1—72] AQ}

1 2 4N _ A4 6
- 2[1—72][4—72][8+72]{ [2(16 =67 —~") =" +7°] Ay

—27[8+72+4(1—72)}A2}
1

R I ez R S A A E it S bl

_ 1

T 2[1 2[4 —2][8+ 2] {[4=7][8=7"=7"]A1-67[4-7"]As}

[8 =72 — 4] Ay — 690,
2(1—2][8+42] (83)




(36) and (82) imply:

2 L VAL 4 8A,
i) e G )
1 2 o1 [P A1 + 84,
= S A7) {2[2—7 Ay —2yA; —4[1 -] {W} }
_ 1 o B P12 A +8[1-72] A
- o 2 EExd j
- o L2 B a8 0] A
— P [1=7] A =8[1—7"] As}
= T (187 07 - Bee)
- [V =8+ 9] A}
- [1_72][4_172][8+72]{[8_’74+2’Y2}A2—’Y[8—’Y4+272] Ay}
_ B2 [ A =y A [249°][4 7] [Ae — v A
[1—72][4—7%][8 + 2] [1—72][4—92][8 + 2]
[249%][Ar =y Ay
1= 218 + 7] &
Proposition 4. ( ) 2
g 1_172 [(274)_%,227&} when ﬁ—fe(%,v)

2

1| (2=97) Ay 2 1 (249%) D2 —v(24+%) Ay
P — 1-92 4—72 192 8+12
IF —

87’727’}/4)

when 32 € (7, 6

22

2 - 2 2 4
! {QV)AQ VAl} —[A ]2 when %2 € (82 _7,%).

Proof. (83) and (84) imply:
21



A 8— % —v
@? > 0 and ¢} > 0 WhenA—j S W’T)' (85)
(38), (39), and (84) imply:
1 (247D —yA)]"
IP _ (1 _ A2 P12 _ . 36
T2 [1=7"] [&"] 1— 2 8+ 2 (86)
(40) and (86) imply:
LIP = quP glP
_ 1 (2—’72)A2—’}/A1 2_ 1 (2+’}/2)(A2—’}/A1) 2
1—12 4 — 2 1 —~2 8+ 12 '
(83) and (84) imply:
A 8 — % — 44 A
IP : 2 T 1P : 2
<0if = > —M—; 0 if —= :
(87) implies that when ﬁ—f < 7 under VS, D2 is driven from the market in the presence

of downstream price competition. Ds’s profit is zero in this event. Therefore, (40) implies:

1 (2—72)A2—7A1 ? AV Y
hen — —. 7).
— P when Al6(2,7)

P _ _aP _
Ly = nyt =

(87) implies that when 2—? > W under VS, D1 is driven from the market in the

presence of downstream price competition. (2) implies:

Q2 = ag—Pg when q{P = 0. (88)
(88) implies g—g = —1. Therefore, (38) implies that D2’s profit-maximizing choice of P;
is determined by:
q2(~)—[P2—w2—cg}: 0 = P—wy—cd = gf). (89)
(88) and (89) imply: p
Qg — Wy — ¢
©= (90)

(4) and (90) imply that when ¢/ = 0, Ul and U2 choose w; to maximize:

g -] [ 22224 (o1)

(91) implies that the profit-maximizing value of wy is determined by:

d U d U

Qg — Wy —Cy Wy —C Qg —Cy + ¢
_ =0 = = = = 92
2 2 2 2 (92)




(90) and (92) imply:

ay —cd oy —cd 4t B Qg — cd — v RAY: (93)

2= 7 ] - 4 - L

(38), (89), (93) imply that when ¢/* = 0:
2
2
P =[] = [_] . (94)

(40) and (94) imply:

1 2—2) A0 =y A ) [A]? A 8—1%— 9t 2
¥ = ( 1) A — v Ay | B2 When—2€( v ’Y’_)_.
1—~2 4—n? 4 Ay 6y ¥
Theorem 2. Li¥ > L3 for 82 € (3,m(v)), with strict inequality for £ (322 m(7)).

L3P > LiF for ﬁ—f € (m(v),%), with strict inequality for 2—? e (m(y), 2972 ).2

Proof. Observe that:

Y Y 2 2
> - & 2> 2-— & > 0;
37 7 ) gl v
v2 L s 22> 1 e <
2 —~2
8 — 2 _ A4
#>7 S 8- -9t > 69 & 8-T9¥ -9t >0

6
& T[1-]+1-7" > 0;
2_72 8—’}/2—’}/4
Y 6y
S 44V -+ >0 & 4[1—72]—72[1—72] >0

& 12-6792 > 8- -7 & 4-5+4* > 0

v

e [1-7][4-7"] z0;

2—y
~

2
<2 & 2-7 <2 & ¥ >0. (95)
g

2P = L§P when ﬁ—f € (3,5755)U (2;—72, % ). This is the case because in the presence of downstream
price competition: (i) D2 is driven from the market under both VS and VI when ﬁ—f € (3, 57552); and (ii)
D2 is the monopoly producer under both VS and VI when 2—? e ( 2_7'*2 , % ).

23



(95) implies:

8 — 2 _ .4 2 _ 2 2
A — < v < T < 7 —. (96)
2 6y g Y

(96) and Proposition 3 imply that when ﬁ—j € (3,752

Lir — 5t = 1 [(Q—VZ)A2—7A1F

1 —~2 4 —~2

1T —yA ) 0
1—72 4 —~2 o

(96) and Propositions 3 and 4 imply that when ﬁ—j € (32%=.7):

[P _ [SP _ 1 (2-7") A — 74, 2_ 3 (2-9") Ay =74 ’
2 172 4— 2 4[1-1?] 4—n2

1 — %) Ay — 2
4[1—7?] 4-72

(98)

(96) and Propositions 3 and 4 imply that when ﬁ—j e (2 2y

1—72 4 —~2 4
1 (2—’}/2)A2—’}/A1 2 AQ 2 o
1—72[ 4—72 LV (99)

(96) and Propositions 3 and 4 imply that when ﬁ—f € (W, # )

LéP—L‘;P: 1 [(2_72)A2—7A1]2_{&]2

1P SP
L2 - L2

1 [@2=P)A AT [A) 3 (2—7%) Dy =747
1—142 4— 2 4] 4 — 2

[y (a]

(96) implies that when ﬁ—f € (#, # E

Ay 2 2

24



(100) and (101) imply:

<2—72>A2—7A1r . {A_]

LIP LSP 1 — 2
s b e Bl hnenae | <

(2—7°) A0 — v Ay JAD)
2 Ay
& m[2(1_72)(4_72) < 5
[2_72]A2_7A1 AQ , 2
A \/1_772[4_72] < 9 And 2[2—7}A2_2,YA1 < ﬂ[4—7]A2
& 2[2-7] A —V1-2[4-72] Ay < 294

= [2(2—72)—\/1—72 (4—72)]A2 < 29 A (102)

Observe that:
2[2—72] > /1 —172 [4—72] = 4[2—72]2 > [1—72][4—72]2
A4+ —4+2] > [1=*2][16+~* —87?]
16 +47* =169 > 16[1 -] +9*[1 =] =87*[1—~°]
16 +4~7*—169% > 16— 1672+ 4* —~% —8~% 4+ 841

0> —2%—87y2+5+4* & 0> —* -8 +542

r ¢ T ¢ 3

8—572+9* > 0. (103)
The inequality in (103) holds because 8 — 592+~ > 8§ =540 > 0.

(102) and (103) imply:

A 2
P < 5P & 22 < 7 . (104)

AT 22—yl VT[4 =]

Observe that:

27y 2—72

22— —I-7 -] 2

& 292 > [2-97][2(2-7%) - VI= 2 (4—77) |
s 29 > 2[2-2 ) = V1-2[4-72] [2- 7]
& Vi [4-7][2-7] > 2[2-7"]" 27
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-

=

=

=

=

=

-

=

=

1) [T 27T > [2(2-7) - 277]

-] (2422 2= > [2(2-72) —27]

(=] [4+ (2=7) +4(2-7) | [2=7°]F > [2(2-72) —2+°]

[1-7]4[2=2]" +[1-7] [2=7]" +[1=7"]4[2= 7]

> 4[2-2])" 149" =842 [2 4]
4[1=7+27°] 2= +4[1=][2-7)° > [3+%][2-*]" +4+*
1[1+9°] 2= +4[1-72][2-7"]" > [3+?][2—7*]" +49*

[2—72]2{4[1+v2}+4[1—72}[2—72]—[3+72H2—72]2} > 44

(2= {4+49" +a (249" =392 = 347 ] [4 441 -4 ] ) > 4y
(22 {4447 + 84471 =129 — [3+2] [4++* —44%]} > 44
[2- 727 {124+ 47" =892 — [3+ 2] [4++* —44%]} > 44*

[2—72]2{4+274+2[4+74—472] —[3+?][4+7" —47°]} > 44*

[2-721" {4429 = [1+2] [4+7 - 442]} > 44!
(2= {4427 —4[14+2] = [14+92] +42[1+42]} > 44
[2—2 {4427 —4—472 — 4" =70 4472 4474} > 44"
2257 0] > 47t & A [2-2][5 —22] > 44

[2-9*)[5 -9*] > 4. (105)

The last inequality in (105) holds because [2 — 72]2 (5 —~%] > [2— 12]2 [5 —12] = 4.

(96), (104), and (105) imply:

A, 8— 72—t 242
LY < L§* WhenA—le( TR : (106)
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Lemma 2 implies:

Ls* ; L e af ot § P —nlf o wif 5P (107)

VIA
3
[\

(66), (83), (84), and (96) imply:

spP SP IP IP & 8—9"—1"
@ >0, ¢g" >0, ¢¢¢ > 0,and ¢;© > 0 when A S % —67 . (108)
1

(38) and (39) imply:

7T§P = [1—72} [quf and ﬂgp = [1—72}[(]513}2. (109)
(28), (36), and (108) imply that when 22 € (fy, 8;17—1)
qu _ [2_72][052_,“)25}3_203} _Wz[al_wlsp_cil]; (110)
[1—~2][4—~?%]
JP = (2= A0 =7y A +2[1— %] [ — wiF ]
’ [1—72][4— 2]
2=l A+ 2 [ —wgh ] =P [t = wi ]
[1—~%][4—~?%]
[2—7*][aa —wy” —c§] =7 Ay =% [ — wi"]
[1—7%][4 -]
2= e —wP =] =y lan— e =] =47 [ —wi” ] i
[1—92][4—~2] '

(109) — (111) imply that when 42 € (7, 8—v6_7—w>

P < _SP P < _SP
Ty = Mo < @ = G

& [2—72] [ag—wép—cg] —fy[al—c“—cf] —72[cu—wgp]
; [2—72] [ag—wfp—cg} —'y[al—wfp—c‘f]

& [2-][—w" ] —y[—c"] =7 [¢" —wy"]
s 2= [-w"] = [-wi”]

o [2_72] [wg’P_wéP} e [wéP—cu]

VIA
2
&
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& [2=7][ug” —w" ] +97 [ws" = "] = y[ui" =]

Lemma 5 and Lemma 6 imply that when ﬁ—f € (’y, %):

w 1 u "}/3A1+8A2
wgP—UJéP:C—FiAQ—C—W

2Dy — 3 A _ 72[A2—’YA1] > 0

2[8 + 2] 2[8 + 7] ’

1 1
wlsp—c“ = c“+§A1—c“ = §A1 > 0;
P _ AL 84
2[8 + 72]

(112) and (113) imply that when AQ € <7, M):

2IA, —vA 3A 8A 1
7T£P§7T§P PN [2_72}7[ 2 — 7 A ] 2 VAL +8A2 <

2[8 + 2] 2[8 + 2] = 2
’}/[AQ—’YAl]_'_ 73A1+8A2 <

s [2-42 S A
[ ’7] 8+72 fy 8+fy2 > 1
27 3., g0
@7[2 7][A1 7]+7+8A151
8 + 72 =
10 —~2] B2 _ 4 [2—~2] 4+ A3
- 7[ Yl -v2-21+9 .
8 + 2 =
10 — — 2~ [1—
- 7[ 2] 82 — 241 —~2] < |
8+7
A, 8 + 72
< [10 = A2 2~v[1—=~2] =
[10-7"] T -2v[1-7"] § —
A 8 + 2 2~y (1 —~2
o Do < 7" 29[l —7°]
A; Z 4 [10 —42] 10 — 72
8+ +29*[1 -]
= = m(v) .

v [10 —~2]

iy

(112)

(113)

(114)

Because m (y) € (7, M) for all v € (0, 1), as illustrated in Figure 2, (107) and (114)

6
imply:

A
L5 > I§7 when 2 € (3, m(y));
1

28



Al 6’)/

A 8 — 2 _ A4
LP < L57 when =2 € (m(y),#

The complete proof of Corollary 1 is provided in the text.

) =
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II. Ubiquitous Collusion
Under ubiquitous collusion, Ul, U2, D1, and D2 collude to maximize their combined

profit.
Lemma 7. The following retail prices and outputs arise under ubiquitous collusion:
1 A —vA;
Vo= 5 [ai—i-cu—i-cﬂ and ¢V = 2[1—% for i € {1,2} (j #1i). (115)
Proof. Under ubiquitous collusion, U1, U2, D1, and D2 set prices p; and p, to:
Maximize II = [pl—c“—c‘li]ql—l—[pz—c“—cd}qg. (116)
Recall from (2) that for i, j € {1,2} (j #14):
bi = Qi —¢qi =74
= ¢ = &—pi—7qG = &—pi—v[;—pj— V4]
= ¢[1-7"] = ai—vo;—pi+p
1
= & = gla—ve —pitypl. (117)
(116) and (117) imply the colluding producers set p; and ps to maximize:
U d 1
II = [pl —C —01] [ [a1 —yay —p1 +7p2]
u d 1
+[p2—0 —Cg]ﬁ[az—7a1—p2+7p1]- (118)
Differentiating (118) implies the optimal collusive prices are determined by:
aH s u u
o pi—c" =] +ai—ya;—pi+ypi+7[p—c—¢] =0
& 2p = c“+cf+ozi—fyozj+2’ypj—’yc"—yc}l
(119)

& pi= ’ypj—l—%[ai+c“+cf—7(aj+c“+c§?)]_

(119) implies:
[+ +ef =y (g +c+¢f)]

DN | —

pi =
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—1—7{7]%—#1[aj—i-c“—kc?—v(ozﬁ—c“—i-cf)}}

2
1

= pi[1-7"] = S{ait+c"+ ¢ —v[a+c" + ]

+W[Ozj—l—c“—{—c;ﬂ—72[ai+cu+c§l]}

[ai+c+cf]. (120)

N | —

[1-7?] [+ +c!] = p =

N | —

= pi[1-9"] =

(117) and (120) imply the corresponding downstream outputs are:

1 1 } 1 )
4 = 1—~2 Oéi—’YOzj—i(Oéi—l-c +Czc‘l)+7§<0zj+c +c;l)
1
- m[2(051_704])_(Oéz“‘cu—l—cf)_{_ry(a]_*_cu_‘_c;l)}
1
= sty [ 2 — et = e byet ]
_;,_U_d_ ou_d _M
2[1_72][0@ =l =y (aj—c"—¢f)] = o) u (121)

Conclusion 1. Suppose D1 and D2 each produce positive output both under ubiquitous col-
lusion and in the absence of collusion. Then total industry output is lower under ubiquitous

collusion than in the absence of collusion.

Proof. (115) implies that total industry output under ubiquitous collusion is:

A1—7A2+A2—7A1 _ [1—’}/][A1+A2] _ A1+A2
2[1—192] 2[1—12] 2[14+~]"

¢ =df +a = (122)
Lemma 2 implies that in the absence of collusion, under downstream quantity competi-
tion:

2A1—7A2+2A2—’}/A1 [2—’}/][A1+A2]

nQ@ — nQ nQ __ _
¢ = q° t4q° = 1— = 1— 2 : (123)
(122) and (123) imply:
1 2 —
¢ < ¢ < < RPN 4—~4* < 2[1+7][2-7]

2[1+7] 4 — 2
S 4-9 < 2[247-7"] & 4-7 < 442727
s Y <2y & 4 < 2.
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Lemma 2 implies that in the absence of collusion, under downstream price competition:
(2= ]A1 =7 A +[2 9" Ay — v Ay
[1—7%][4 -]

[2 =7 =7*][A1 + Ay]
[T=][1T+~7][4=72]

" = qt gl =

(124)

(122) and (124) imply:

do< gt e Lo 2_7_722 & [1-9][4-7"] < 2[2-7v-7"]
2 " [1=9][4-77]

S 4—F A4y < 4-27-27 & 29— -~ >0

& 2> 9447 & 2> y[1+4]. 1

Conclusion 2. Suppose D1 and D2 each produce positive output both under ubiquitous col-
lusion and under upstream collusion. Then total industry output is higher under ubiquitous

colluston than under upstream collusion.

Proof. Lemma 3 implies that under upstream collusion with vertical separation and down-
stream quantity competition:

2A1—7A2+2A2—’}/A1 . [2—’7][A1+A2]

_ s s
59 0o+ =

= 2[4 7] T 2[4
2= [14+7] [ A+ Ay [2—7][1+7] ¢ U
N 42 [2U+ﬂd}: 4— 72 = (125)

The last equality in (125) reflects (122). The inequality in (125) holds because:

(2=~ ][1+7]

<1 & 242y—7—-7 < 4—-9 & ~v < 2.
4 —~2

Lemma 5 implies that under upstream collusion with vertical separation and downstream
price competition:
[2—?]A =y A +[2- 2] Ay — v Ay

C]SP = C]igP+Q2SP = 2[1—~2][4— 2]
— [2 =7 =7*][A1 + Ay] _ 2—y—17 [A1+A2]
2[1=2][4—7?] [L=~][4=7*] [2(1+7)
2—y—7° U U
T <7 120
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The last equality in (126) reflects (122). The inequality in (126) holds because:

2—y—9?
[1—7][4—77]

<1l & 2—7—72 < 4_72_4’7—1-73
s z2(9) = 2-3v+4% > 0. (127)

The inequality in (127) holds for all v € (0,1) because z(0) = 2, z(1) = 0, and 2'(y) =
— 34392 <0.

Lemma 4 implies that under upstream collusion with vertical integration and downstream
quantity competition:

[8 = JAL =27 Ay +4[Ay —yAy]

2[8 = 37%]
— 4y = A 4 [4—-29]A
_ B4y —lA+[4-29]4 (128)
2[8 - 377]
(122) and (128) imply:
&> @ Ay + Ay (8 =4~y — 2| A1+ [4—27] Ay
2[1+7] 2[8 — 342]
> [1+9][8—4v =] A1+ [1+7][4—27]A,
& [8-37"—(B—4y—+87—-47"—7%) ] Ay
+[8-37-2(12+7-9")]A; > 0
& [-37 447+ =87 +4 +7 ] A
+[8-37"—-4-274+29"]A; > 0
& [—47+272+73}A1+[4—27—72}A2 > 0
2 2 Ag
& [4-27—F|A—y[4-27-7]A > 0 & X~ > (129)
1

The last inequality in (129) holds because, from Lemma 4 , ﬁ—f € (7, %) when D1 and D2
each produce positive output under upstream collusion, VI, and quantity competition.

Lemma 6 implies that under upstream collusion with vertical integration and downstream
price competition:
[8 =7 =9 JAI =67 Ay +2[2+ 9] [Ag — v Ay]

P _ _IP P _
¢ Ea e 21— 218+ 7]
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(8= =7 —27(2+7*) A1 +[4+29% — 67] Ay
2[1-72][8+17]

_ 847729 = JA +2[2 -39+ Ay (130)
B 2[1-1?][8+1?] '

(122) and (130) imply:

u P A+ Ay [8 =4y =72 =293 =] A1 +2[2 -3y + 2] A,
2[1+ 7] 2[14+ 7] [1—~][8+~%]

& [1=7][8+7"][A1+ A
> [8—dy—* =29 = ]A +2[2-37+] A,

& [8—4y—7"-2 7" —(1-7)(8+7%)] A
+[4-67+29"—(1—7)(8++?)]A; < 0

& [8-4y—7 -2 -4 =8 +8y+%] A
+[4-67+27"-8—7+87+7*] Ay < 0

& [47—272—v3—74}A1—[4—27—72—73}A2 < 0

& y[d4-27—-F-P|A-[4-27—7-]A <0 & % > .  (131)
1

The last inequality in (131) holds because, from Lemma 6, ﬁ—f € (7, #) when D1

and D2 each produce positive output under upstream collusion, VI, and price competition.
[ |

Conclusion 3. Suppose D1 and D2 each produce positive output both under ubiquitous collu-
sion and under upstream collusion. Then in the presence of VI, D2’s output is higher under

ubiquitous collusion than under upstream collusion.

Proof. Lemmas 4 and 7 imply:

U

Ay —~v A 2[ Ay —~v A 1 2
q2>q§Q<:>271 [271]<:>

>
2[1—1~?] 8—372 2[1=9%] =~ 8-37°

& 8-39 > 4[1-7*] & ¥+4 > 0.
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Lemmas 6 and 7 imply:

U P
4 > G <=

Ay —y Ay [2+92][Ay — v Ay]

& 8497 > 2[2+77]

2[1—12%] [1—2][8+2%]

s ¥ <40

2 + 2

>—
8+ 72
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ITII. Two-Part Tariffs

We now illustrate the qualitative changes that can arise when Ul and U2 are able to set
discriminatory two-part tariffs for the input. We consider the setting in which D1 and D2

engage in price competition.
Recall that the inverse demand function for Di’s product is:

P(¢i,q;) = o —q—q; for i, j e {1,2} (5 #1). (132)

Conclusion 4 characterizes equilibrium outcomes when Ul and U2 collude to maximize
their combined profit.

Conclusion 4. D2’s equilibrium profit is 0 both under VS and under VI when Ul and U2

can collude and set discriminatory two-part tariffs.

Proof. Suppose D2’s equilibrium profit is x > 0. Then Ul and U2 can increase their profit
by increasing the lump-sum component of D2’s tariff (A2) by x. Doing so does not change
equilibrium outcomes as long as D2 continues to operate. D2 will continue to operate because
it secures exactly zero profit under the higher A,. Because the postulated setting in which
D2’s equilibrium profit is y > 0 does not maximize the joint profit of Ul and U2, this setting
cannot arise when Ul and U2 collude. B

Now consider the setting in which Ul and U2 do not collude. We consider a two-stage
game in which Ul and U2 first offer two-part tariffs to D1 and D2 (simultaneously and
noncooperatively). D1 and D2 then simultaneously decide which offer(s) to accept, and
subsequently choose prices (simultaneously and noncooperatively). We assume that when
Di is indifferent between accepting Ui’s tariff and Uj’s tariff, D: accepts Ui’s tariff. We

consider settings in which D1 and D2 both produce strictly positive output in equilibrium.

Let (w}, A?) denote the two-part tariff Ui offers to Dj (i, j € {1,2}). We assume that
when A; < 0, Dj can collect the fixed fee from Uz even if it purchases none of the input
from Ui. After selecting two-part tariff (w;, A;), Di’s (i € {1,2}) downstream profit when

it sets price P; and produces output g; is:

o= [P—w—c]q—A. (133)

Lemma 8. Under VS, for j, 1 € {1,2} (j # 1), Dj’s downstream profit: (i) declines as the
unit price (w;) or the fived fee (A;) it faces increases; and (ii) increases as the unit price its

rival faces (w;) increases.

Proof. (132) implies:
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G = o—FPi—vq = OCi—Pz'—”Y[OCj_PJ'_’Yqi]

Q — 7 O 1 v

(133) and (134) imply that under VS, for i, j € {1,2} (j # i), Di chooses P; to:

Mazimize [Pl- —w; — cf] (P, Pj) — A

(135)
(135) implies that Di’s profit-maximizing choice of P; is determined by:
0q;
[ P—w— ] =—= = 0. 136
o+ [P ) (136)
(134) and (136) imply:
e P+ T _p - ! [P-—w»—c‘-l} =0
1_,72 1_72 ? 1_72 J 1_72 v t t
- . . d
~ p - Q; 70432—1—11)1—1-0@ +%PJ (137)

(137) and Dj’s corresponding reaction function imply that in equilibrium:

Pi: ozl-—yozj—l—w,-—}-cg_i_z Oéj—’yOéi—i‘wj—FC;l_i_zPi
2 2 2 2

7 _ 1 d b d
= I_Z P, = 5[ai—'yozj—l—wi—i—ci}—I—Z[aj—voziquj—l—cj]
2

= B (wi7wj) -

3 [ai—vaj+wi+cf]+ il

4—~ 4_W2[@j—7%+w]~+cﬂ. (138)

(134) and (138) imply:
Yy 1

2 d v d
¢ 1—92  1-—42 [4—72 (ai_vaj+wi+ci)+4—72(aj_vai+wj+cj)]

2
%_13Q2[4—72@”_va“+wf+#)+1{%ﬁ(ar—Vaj+wr+ﬁ)}

1 ) , )
[1—72][4_72]{[4_7 Jlai—ya;]=[2=7"] [ai —ya; + wi + ¢ ]

+7[ozj—7ai+wj+cﬂ}
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1
_ ]{[2—72}ai—fyaj—[2—72]wi—[2—72]c?+fywj+’ycf}

[1=72][4 -7
(2] [ai—wi =] —v[a; —w — ]
= qi(w,w;) = . 139
) T[4 7] )
(134) and (136) imply:
. — . — ) = — 4 = — A2
P, — w; — ¢ _[1} [1-7%] 4
1—~2
Therefore, (133) implies:
i (wiwy) = [1=77] (g (wi,w) ] = A, (140)
where ¢; (w;, w;) is given by (139).
(139) and (140) imply that when ¢; > 0 under VS:
Omy _ Om0¢; _  2(1=7"1[2-7"]q _ 202-7"]a _ .
Ow; — 9q; 0w, [1=72114=7"] [4—7°] ’
on; or or; 0q; 271 —92] g, 27 q;
oo 1<y S8 LG o= 20 S o m (141
0A; = ow, Jq; Ow [1—72][4—~2] 4 — 2 ” (141)

Conclusion 5. Suppose Ul and U2 can set discriminatory two-part tariffs and cannot
collude. Then under VS, there exists an equilibrium in which each upstream supplier offers

the tariff (c*,0) to both downstream suppliers.

Proof. Throughout the ensuing proof, we assume Uk (k € {1,2}) offers the (¢, 0) tariff to
D1 and D2. We will show that Ui (i € {1,2}, i # k) cannot secure strictly positive profit
by offering any tariffs other than (¢*, 0) to D1 and D2. The proof proceeds in two steps. In
Step A, we show that Ui cannot secure strictly positive profit by offering tariff (¢*, 0) to DI
and a distinct tariff to Dj (j,1 € {1,2}, j # [). In Step B, we show that Ui cannot secure
strictly positive profit by offering tariffs other than (¢*, 0) to both D1 and D2.

A. First suppose Ui offers (@;, gz> # (c*,0) to Dj and (¢*,0) to DI.
Ui can only secure strictly positive profit from the <1E;, Zz) tariff if @; > c* or ;42 >0
or both.

If w} > ¢* and Z; > 0, then Lemma 8 implies that Dj will reject Ui’s (&7;, g;) offer and
accept Uk’s (c¢*,0) offer. Consequently, Ui will secure zero profit.
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If @) > ¢* and Z; < 0, Dj will accept Ui’s (&7;, E;) offer and also accept Uk’s (c*, 0) offer.
By doing so, Dj can increase its profit by collecting the fixed fee from Ui and purchasing all
of the input from Uk. Consequently, Uz will secure negative profit.

If AE > 0 and @} > ¢“, Lemma 8 implies that Dj will reject Ui’s (@;,EE> offer and
accept Uk’s (¢*,0) offer. Consequently, Ui will secure zero profit.

Now suppose Z; > 0 and W} < ¢*. (139) and (140) imply that Dj will accept Ui’s (0,
AL) offer rather than Uk’s (%, 0) offer if:

(1= [ (@,¢) ] = A > [1=92][g;(c", "))

& 10 < o @ )] =g e

Al (2= oy —wi =] =y [y — =] ] ’
- ) { 1= (4 =] }

) {[2—%][%—0“—0;‘]—v[az—c“—cf‘] }

[1—=2][4 =]
4 (271 oy — @ —cf] =y [u—c" =]
RN { [1— ][4 =]
2= 71y~ —ef] =y [ =" = f]
" [1—7][4 =] }
A 2=l —@ -] v a - — ]
[1—2][4 =]
C2=lfe e -] -y [a— e -]
[1—92][4—7?]
i 2(2—77] [a; —¢f] =27 [ar =" — ¢f] — [2 = 7*] [e" + @}]
T 1=z S { [1—72][4—~2] }
2= [ -]
[1—72][4—~2]
= A < [2—’}/][0“ {D;}{Q[Q—’}P} [ij—cu—cj}—Q'}/[Oél_cu_cld}
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+2[2—’yz} ct — [2—72] [c“—l—ﬁﬂ}
A [2 — 2] [c“—@ﬂ
=7 < 1Pl
2= 2012971 A =y A+ (292 (et =) ] [ — @]
! [1-9%][4 =] '

(139) implies that Ui can only secure strictly positive profit by offering the ({D;, ;13) tariff
to Dj if:

[2(2-7%) &y 298+ (2-97) (¢ — i)

(142)

(2—=7) (g —wt =) =y (o —c* =)

(1=9%)(4=17%)

(292 (ay =" —cf) =7 (@ —c' =) + (2= %) (" = )
(1=9%)(4=192)

+ AL >0

J

(2-72) Aj =y A+ (2—92) (e — @)
(1=72)(4-19%)

i [(2=7%) &) =y A+ (2=9%) (" — @) ] [ — @) ]
7 [1—92][4—~?] '
Observe that:
[(2=792) Aj =y A+ (2=92) (¢ =) ] [ — ) ]
[1—92][4—~%]
[2—72][2([2—7*] &j =7 A) +(2—72) (¢ — @) ] [ — ! ]
[1—72][4—~2]

o [4=7102=7) Ay —vA+ (2-77) (¢ - ) |

(143)

<

< [2=77) [2([2- 7] &=y an) + (2-72) (e - 35))
o (4= [(2-) & =&+ [4-2] [2- 2] [ - ]

< 2[2-2"][(2-7") Ay =y A ]+ [2=97] [ — @]

& [4-7" -2+ 2] [¢" -]
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< [4—272—4%—72}[(2—’)/2)Aj—’yAl}
& 2[2-77] [c“—zﬂﬂ < =Y[(2=79) A —vA] . (144)

(139) implies [2 — ] A; —vA; > 0for 1,5 € {1,2} (I # j) to ensure D1 and D2 both
produce strictly positive output in equilibrium. Therefore, because IT); < c*, the left-hand
side of the inequality in (144) is positive whereas the right-hand side is negative. Therefore,
the inequality cannot hold, so there does not exist an j; that satisfies both (142) and (143).
Hence, Ui cannot secure strictly positive profit by offering (1]7},1%) # (c*,0) to Dj and
(c*,0) to DI.

B. Now suppose Ui offers (ﬁ;,gz) # (c*,0) to Dj and (@;,ZX;) # (c*,0) to DI.

First suppose @’ > ¢* and A® > 0 for * = j or + = [. Lemma 8 implies that Dx
will reject Ui’s (&71 @) offer and accept Uk’s (¢*,0) offer. If Ui offers such a tariff to both
downstream producers, they will both reject Ui’s offer. Us will secure zero profit in this case.
If Ui offers (wl, AZ> where w] > ¢ and AZ > 0 to DI and offers some tariff (w Al> # (c*,0)
to D7, DI will select Uk’s (c*, 0) tariff. The arguments in Step A demonstrate that Ui cannot

secure strictly positive profit in this case.

Now suppose @ > ¢* and AL < 0 for * = j or + = [. D will accept Ui’s <1171, Zi) offer
and also accept Uk’s (¢*,0) offer. By doing so, D« can increase its profit by collecting the
fixed fee from Ui and purchasing all of the input from Uk. If Uz offers such a tariff to both
downstream producers, they will both collect the fixed fee from Ui and purchase the input

from Uk. Consequently, Ui will secure negative profit. If Ui offers (@f, E}) where w; > "
and Al < 0 to DI and offers some tariff (@;, j;) # (c*,0) to Dj, DI will purchase the input

from Uk, and so will operate with unit input price ¢*. Ui’s variable profit in this case will
be the same as in Step A where Ui offers the (¢*,0) tariff to DI and a distinct tariff to Dj.
The arguments in Step A demonstrate that Ui cannot secure strictly positive profit in this

case.

Next suppose w! > c* and Aﬁ > 0 for x = j or ¥+ = [. Lemma 8 implies that Dx
will reject Ui’s ({D’ @) offer and accept Uk’s (c*,0) offer. If Ui offers such a tariff to both
downstream producers, they will both reject Ui’s offer. Consequently, Ui will secure zero
profit. If Ui offers (wl, AZ> where w! > c* and AZ > (0 to DI and offers some tariff <w A1> #*
(c*,0) to Dy, DI will select Uk’s (¢*,0) tariff. The arguments in Step A demonstrate that

Ui cannot secure strictly positive profit in this case.

These observations imply that if Ui secures strictly positive profit from tariffs <2D;, Zz)
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and (1’17;, g}) that are distinct from (c*,0), the tariffs must satisfy the conditions in one of

the following cases:
Case (i). ﬁ; >0, w) < c*, Al <0, and @} < v,
Case (ii). 1213 <0, wh < ", Al >0, and W} < ¥
Case (iii). gz >0, w) < c, Z; >0, and W} < c*.
Lemma 8 implies that DI will accept Ui’s (f&f, ﬁf) offer rather than Uk’s offer (¢*,0) in

Case (i). (139) and (140) imply that Dj will accept Ui’s (@i, A?) offer (where A% > 0 and
w} < c*) rather than Uk’s (c*,0) offer under PC in this case if:

(1= [y (@, 00) ]* = &5 > [1-9] [g (") |7

o A< 1= [o @ 3] - [as (3D} (145)
Ui can secure strictly positive profit when both its tariff offers are accepted in Case (i)
; (@ — ] g (@) + A+ [0 — ] (@, @) + & > 0
& Al > [ =@t g (@, @) + [ - T q (@, @) - A (146)
Al <0 in Case (i). Therefore:
[e" =@} ] gy (@, i) + [ = @i ] (@, @)
< e =] g (@, @) + [ — @] @ (@], @) — A (147)

(139) implies:

(2— 2] [y — @) —f ] =y [ — @ — ] ]
0 0
w(@0) > 0 =] (= -
s [2-7] [« — w; —c]—’y[ —wj—d'] >0
& [2-7] A+ [2- ] [ -] —vA—y [ -] > 0; (149
i~ [2-][a—w] =] =7 [oy =@ — ]
ql(wl,wj) > 0 < 1= 2 [4= 2] > 0
& [2—72][al—@f—cf]—’y[aj—ﬁé—c?] > 0
& 2] A+ 2] [ —w] =D =y [ =] > 0. (149)
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(139) implies:

(e — )] qp () + [ = @ o (@0, @) > [1=92] { [o (@ @) )" = [ (" 0) ] |

(2= [ —wi—ct] =7 o — @] — ¢ ]

[1—=72][4 =]
; [2 —~?] [al—@f—cﬂ —v[aj—f&;—c;l]
[1—=22][4—~*]

>[1vq{[m¢u%@g]~mm@¢q

[1—72][4—12]

& [e =]

[[2—721[%—(:“—#} v[alw;cf]r}

[1—72][4 -]
& [ =@ [(2-9") (e =@ —cf) =7 (u— @ — )]

+ [ =w][(2=7") (- @i =) =7 (a; - @ - f) ]

- [ {1 - @) v (i)
- (=) (=" =) = (@ —ai )]}
o [¢=T][(2-77) A+ (2-7) (= 8) =7 A=y (= )

e =ai] [(2=97) At (2-97) (¢ =) =78 =7 (¢ — @) |

g [4_172}{[(2—72)Aj+(2—72)(C“—@é)—vﬁz—V(C“—@f)f
- [(2=0") &y —ra—v (e - )]}
& [ =] [(2-79") Ay =y A+ (2-97) (" —a)) =y (" — @) ]

ol =ai] [(2=77) A=y 8+ (2-97) (¢ = @) = (¢ — @) |

g {4_1@} [(2=79") Aj+(2=97) (" =) —vA =7 (" —@))
+(2-97) A=y A =y (" —ap) ]
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((2=92) 8y (247) (= 05) =y &=y (e = )
— (2=) Aj A+ (" —a)) ]

o [T [(2=7) A=At (2297) (= 0)) =7 (¢~ i) )
bl =] [(2=7) Ay (2= ) (=) v (e = 35))

. [(2—72)(0“—@53)

4 —~2

] [2(2—72) Aj—2fyAl+(2—72)(c“—iﬁ?)—%y(c“—@f)]

e 4=l =] [(2-9") & =y A+ (2-97) (" = @) =y (" —wj) ]
+ 4=l =@ ] [(2-77) D=8+ (2-77) (¢ =) =y (¢ = @) ]
> [2=] [ =@ ] [2(2=72) Ay =29 A+ (2=72) (= @) =27 (" — @) ]
e 0 < [e=a [ {[4-7"][(2=7") &) =7 A
+ [4=7][2=7] [ = @] =y [4 =] [ — @]
—2[2=7"][(2=7") Aj =7 A
- 2= (e - @] +2v[2- 4] [ - @] |
+ 4= ][ =@ ] [(2=7") A=y + (2=77) (" =) =y (" —)) |
& 0 < [e—@]{[4a=—4+27"][(2=72) A; —7A]
+ [4=—-2+][2-7"] [ —u}]
+y[4—29" -4+ [ —u]] }
+ [4=][e" =@ ] [(2=7") Ar=v D+ (2=77) (" —@y) =7 (" =) ]
e 0< [=g{7[(2=-7") & —vAa]+2[2=7] [ —@] =" [ —ai] }
+ [A=] [ =] [(2-97) A=y A+ (2=97) (" —w;) =7 (" =) | -
(150)

Observe that:
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& [2-] A —vA+ 2] [ —a] =y [ —w)]

2 .
+ [2—72}{—2—1}[&—11;;] > 0. (151)
g
w! < ¢* in Case (i). Furthermore, % > 1 & % < 2. Therefore, the last term in (151)
is positive. Consequently, (148) implies the inequality in (151) holds. (149) and (151) imply
the inequality in (150) holds when ¢; (@', @]) > 0 and ¢, (@], @}) > 0. Therefore, (147) and
(150) imply:

[ = @] a; (@, @) + [ =} ] @ (7, @5) = A

> (1= { [o @,a)]" - [q ()] | (152)

when g; (w wj) > 0 and ¢ (@], &7;) > 0. Hence, (152) implies there does not exist an Z;
that satisfies both (145) and (146) when ¢; (@}, w}) > 0 and ¢ (@], w}) > 0. Therefore, Ui
cannot secure strictly positive profit by offering tariffs that satisfy Case (i).

Case (ii) is symmetric to Case (i). In both cases, Ui offers a negative fixed fee (A < 0)
and a below-cost variable charge (w < ¢") to one downstream producer and a positive fixed
fee and a below-cost variable charge to the other downstream producer. Therefore, the
arguments in Case (i) imply that Ui cannot secure strictly positive profit by offering tariffs
that satisfy Case (ii).

If only one downstream supplier accepts Ui’s tariff offer in Case (iii), then Ui’s profit is
the same as in Step A where Ui offers the (¢*,0) tariff to DI and a distinct tariff with a
positive fixed fee and a below-cost variable charge to Dj. We have shown that the maximum
such profit is not strictly positive. Therefore, Ui cannot secure strictly positive profit by

offering tariffs that satisfy Case (iii) if only one downstream supplier accepts Ui’s offer.
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Suppose both downstream suppliers accept Ui’s tariff offers that satisfy Case (iii). Then
(139) and (140) imply:

(1= [ (@) ] = 4 > [1-2"] [q (@) ]’
o A< 1= o @ @)]" - [g (. @)]" } 5 and (153)
(1= o @ @)]" =4 > [1=7"] [a (@) ]’
& A < =1 la@ @)]" - [a(" )]} (154)
When (153) and (154) hold:
Al 4 A
< (=221 { Loy @) )" = [y (") )" + [ (@) ) = [ar (") " } . (155)
Ui can secure strictly positive profit in Case (iii) if:
(@ — ] g (@, @) + A+ [F — ] a (@, 7)) + A > 0
o A4 A > [ =@ g (@, @) + [ — i) (@) . (156)
(155) and (156) cannot both hold if:

[ =@y () + [ — @] a (@, @)
> (1= { Loy @5 @)1 = [y (@) 1+ [ (@) ]* = [ () )" . (157)

(139) implies that (157) holds if and only if:

(e — ] [2_72][%_{‘7;_6?]_V[O‘l_wli_cﬂ
J -4 ]

[2—72][0@—@?—0?] —V[Qj—w;'—cﬂ

[1—72][4—12]

> [1-77] { [[2_72][%_@;_6?} o[z di—d]

2

[1—2][4—92]
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_ [[2—v2][aj—c“—0§-‘]—v[az—@?—c?l]_

[1=7*][4—7?]
[2—72][al—@f—cﬂ—v[aj—f&;—cﬂ_2
' [T—2][4—7?] _
S I A N
[1—7%][4 -]

e [A=-][e"=a] [(2-9") (0 —@; = ¢f) =y (=) — ] ) ]
+ [A=][e" =] [(2-7") (@ —@ =) =7 (g —@; — &) ]
> [(2-7) (0 =@ =) =y (=) — ) )
—[(2=7) (=" =) = v (-] - )]
+ [(2=7) (=@ —cf) =7 (0= =) |°
—[2=7) (= =d) =7 (ay—3 - )]’
e A= =a ] [(2-97) A+ (2-97) (" —@5) —vA =7 (" =) ]
+ [A= e =w] [(2=97) A+ (2-97) (" =) =7 A =y (" =) ]

> [(2=97) A5+ (2-77) (¢ =a)) =7 A =7 (" —wj) ]

— [(2-9%) A=A =y (e —a)]?

2

+ [(2=77) At (2-97) (" =) =785 =7 (" =) |

2

- [(2=7) A=y = (=) ] (158)

The term to the right of the inequality in (158) can be written as:
[(2=7) A5+ (2=7°) (" =@)) =y A =7 (" —a@1)
+(2=72) Ay =y A =y (e =) ]
L(2=7) 8+ (2=77) (" —@)) =y A = (¢ — @)

— (2—72)Aj—|—7Al—|—7(c“—@f)}
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+ [(2=97) A+ (2-97) (" =) =7 A =y (" — )
+(2-9") A =78 =y (¢ =) ]
[(2=7) At (2-97) (" —ay) =y Ay =y (" — @)
—(2=) A+ Ay (-]
= [2([2=7] 25 =vA) + (2=9) (" —a5) =29 (" —@}) |
[2=9"] [ — @]
+ [2([2-7"] A =74)) + (2-97) (" = @) = 27 (" — ;) ]

(2] [e ).

(158) and (159) imply that (157) holds if and only if:

=

[ =@ {[4=7][(2=7") & —7A/]
+ =] [2=][¢" —@)] = [4=7] [ - @]
—2[2=-7[(2=7") Aj =7 A
- 2= [ = @] + 27 [2— 7] [ -]
+ [ —a [{[4=2"][(2=7") A =7 4]
+ 4= [2=2] e -] =y [4 =] [ — 5]
—2[2=-7[(2=7") A =7 4]
- 2= e =@ +2v[2-2] [ @] } > 0
[¢"—w ] {[4=7"=4+277][(2-7") &) —7vA/]
+ (4= —2442][2= 2] [ — i ]
+v[4-27 -4+ [ —w;] }
+ ol —@ ] {[4-2 =4+ 22] [(2=2) A =74, ]

+ [4-7 -2+~ [2-7*] [¢" —u]]

(159)
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+y[4-29" -4+ [ @]} > 0
o [ {127 A - a] +2 (277 [ - ] -4° [ - ]}
+ [ —w)]
A [(2=7) A=A ] +2[2=) [ —aj] —+* [¢"—w@;] } > 0. (160)
(151) implies:

72[(2—72)Al—7Aj]+2[2—72} [cu—ﬁ” —73[0“—@” > 0

& [2—’}/2]Al—7Aj+|:2_’72j| [c"—@” —7[0“—&73»]

+ [2—77] {%—11 [¢"—w] > 0. (161)

The last term in (161) is positive because % > 1 & 9% < 2 and because w} < c*

in Case (iii). Therefore, (149) implies that the inequality in (161) holds. (151) and (161)
imply that the inequality in (160) holds when g; (f&;,ﬂ?}) > 0 and ¢ (177;, f&;) > 0. Hence,
(157) and (160) imply there does not exist gz and A! that satisfy both (155) and (156) when
q; (0, wj) > 0 and ¢ (wj,w’) > 0 in Case (iii). Therefore, Ui cannot secure strictly positive

profit by offering tariffs that satisfy Case (iii). B

Lemma 9. Under VI, D2’s downstream profit declines as the unit price (ws) or the firved
fee (As) it faces increases. D1’s downstream profit increases as the unit price its rival faces
(ws) increases.

Proof. Under VI, D1 chooses P, to maximize:

[Pl —w —Cﬂ (P, P) — Ay + [wy — "] i (P, P) + Ay
= [P —c"—d]a(P,P). (162)

(162) implies that D1 effectively perceives its input price to be ¢* under VI. Therefore,
(138) implies that equilibrium prices are:

2
P (" wy) = P [al—fyozg—irc“—l—cf] +

4 — ~2 2 —yar+wa+ 5] ; (163)

2
Py (wq, ") = yp—: [a2—7a1~|—w2+cg} +

T lm ettt ] (164)
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(139) implies the corresponding equilibrium quantities are:

vy = 22— —d] —y[a—ws -]
q(c",wy) = [1—12][4—2] ; (165)
u o [2_'72][042—11)2—03}—ry[al_cu_cil]
¢ (we, ") = [1—~2][4—12] . (166)

(162) implies that D1’s profit-maximizing choice of P; is determined by:

u Iq:
G+ [P—c —c‘{l]a—P1 = 0. (167)
(27) and (167) imply:
P—c—¢ = [1-9]a. (168)
(140), (162) and (168) imply:
T (¢ we) = [1=7"][a; (¢",wy)]” and (169)
7o (we, ") = [1—72] [q2 (wg,c“)]2—A2, (170)

where ¢ (¢, wy) and g (w9, ¢*) are as specified in (165) and (166).

(139), (140), (165), (166), (169), and (170) imply that when ¢;(-) > 0 and ¢a(-) > 0,
equilibrium prices, quantities, and variable profits are the same under VI and under VS in
the setting where D1 purchases the input from Ul under the (¢*,0) tariff. Therefore, the

conclusion in the lemma follows from Lemma 8. H

Conclusion 6. Suppose Ul and U2 can set discriminatory two-part tariffs and cannot
collude. Then under VI, there exists an equilibrium in which each upstream supplier offers

tariff (c*,0) to both downstream suppliers.

Proof. The proof of Lemma 9 demonstrates that when ¢;(-) > 0 and ¢2(-) > 0, equilibrium
prices, quantities, and variable profits are the same under VI and under VS in the setting
where D1 purchases the input from Ul under the (¢*,0) tariff. Consequently, the Conclusion
holds if there there exists an equilibrium under VS in which: (i) U2 offers (¢*,0) to both D1
and D2; and (ii) Ul offers (¢*,0) to D2. The maintained assumption that D1 purchases the
input from Ul when it is indifferent between purchasing the input from Ul and U2 ensures
that D1 purchases the input from Ul in this equilibrium.

The proof proceeds in three steps. Step 1 demonstrates that Ul cannot increase the sum

of its upstream profit and D1’s downstream profit (II}) by offering a tariff other than (¢*,0)
20



to D2 when U2 offers (¢*,0) to both D1 and D2. Step 2 demonstrates that U2 cannot secure
strictly positive profit by offering tariff (¢*,0) to DI and a distinct tariff to Dj (j,1 € {1, 2},
Jj # 1) when Ul offers (¢*,0) to D2. Step 3 demonstrates that U2 cannot secure strictly
positive profit by offering tariffs other than (¢*,0) to both D1 and D2 when U1 offers tariff
(c*,0) to D2.

Step 1. First suppose Ul offers (*&75, A}) # (c*,0) to D2 while U2 offers the (¢*,0) tariff
to D1 and D2.

Lemma 9 implies that IT{ will only increase in this case if w3 > c* or /Tl > 0 or both.

If @) > ¢* and A} > 0, Lemma 9 implies that D2 will reject Ul’s (wz,/ﬂ) offer and

accept U2’s (¢*,0) offer. Consequently, IT} will not increase.

If @) > ¢* and Al < 0, D2 will accept Ul’s (@%, Z%) offer and also accept U2’s (¢*,0) of-
fer. By doing so, D2 can increase its profit by collecting the fixed fee from U1l and purchasing

all of the input from U2. IIj will decline in this case.

If @) > ¢* and A} > 0, Lemma 9 implies that D2 will reject Ul’s ({D;,A}) offer and

accept U2’s (¢*,0) offer. Consequently, IT{ will not increase.

Now suppose @} < ¢* and A} > 0. (142), (166), and (170) imply that D2 will accept
Ul’s (wz, A1> offer rather than U2’s (c*,0) offer if:

(=] @ (@, e)] = A3 > [1-9*] (g (", )]

e A< ([2=]Ae —yA +[2-2)[¢ —@3]))°  ([2-77] A0 —7Ay)°

[1—2][4=72]? [1—72][4—92]
o i < 22l = BUC ) ey A 257 e -
(174~ 7]
L e | LI B O ) EYC O T S

[1—~2][4 =72

(165), (166), and (169) imply that IT} increases when D2 purchases the input from Ul
under the (f&%, E;) tariff if and only if:

[1=92) [an (@) )" + [@ — ] 2 (@5, ") + AF > [1—=9][ax ("))
& A > [1—72}{[611((:“,@“)]2—[(11 (C“,ﬁ%)]2}+[c — Wy | g2 (@}, ")

= [1-7"] [a(c" ") +au (@) ] [ar (" ) —au (", 3) | + [ — @y ] g2 (@, ") .



2 (2_72)A1—7A2 (2_72)A1—7(042—ﬁ7%_cg)
= =7 [ (T—72)(4—2) " (1=9%)(4=17%) ]

,[(2—72>A1—w2 <2—72>A1—v(a2—w;—cs>]

(1-72)(4-72) (1—12)(4—2)
u_ gl [2_72][%—@%—63]—y[al—cu—cil]
+ [C 2} [1—72][4— 2]
= [1_ 2] 2(2—72)A1—’YAQ—’V(OQ—@%—C‘QZ) _7A2+’Y(042—7:5%—cg)
' (1=7%)(4=77) (1-72)(4-7%)
Al [2—72][0z2—@;—c§}—7A1
H ] A e Iy
e [22 ) A Ay Ay (@) | [y Bety Doty (¢ — )
- ”[ (1=71)(4=7%) H (1= (4=2) ]
w1 1220 A [2 ][ —wp ] -y A
+ [C 2} [1—72][4—12]
= Aoy (1227 A2y A g (¢ - )]

+ [4=][(2=7) A=y A1+ (2—7%) (" —wy) ] } . (172)
(171) and (172) cannot both hold if:
7 {7 [2(2=7") A =2720 —y (" — @) ]
+ [4=7"][(2=7") D=y +(2-7°) (" —@3) | }

[2=21[2([2=7%] Ao =7 A1) + (2—9%) (" —wy) | [ " — Wy ]
[1-72][4 -2

& 7[2(2—72)A1—27A2—7(c“—'&7;)}

[1—72][4—12]

>

+ 4= [(2=9") Be =7 A+ (2-797) (¢ — ) |
> 2= [2([2=7] Ao =v i)+ (2-97) (" — ) |
& y[2(2=P)A1 =270 =y (—wy) |+ [4- —4+2] [(2=7") Ay — v A]

+ [4—72—2+72] [2—72} [cu—@ﬂ > 0
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= ’Y[2(2—72)A1_27A2_7(Cu_@%)}
+2[(2=) A=A ] +2[2-72] [e"—@5] > 0
& y[2(2=7) A =272 [+ [(2=7°) As — v A ]+ [4 =29 = 2] [“ — @3] > O

= 27[(2—72)A1—7A2]+72[(2—72)A2—7A1]+[4—372][cu—f&%] > 0.
(173)

Because D1 and D2 both produce strictly positive output in equilibrium, (165) and (166)
imply that [2 —~2]A; —vA; > 0 for I,j € {1,2} (I # j). Therefore, the inequality in
(173) holds because w3 < ¢ and 4 —3~? > 0. Consequently, there does not exist an g% that
satisfies both (171) and (172), so Ul cannot increase II} by offering a <QE§, Z;) tariff to D2

in which @} < ¢* and A} > 0.

Step 2. Now suppose U2 offers (¢*,0) to DI and (@]2, A?) # (c*,0) to Dj while Ul offers
(c¢*,0) to D2. The analysis in Step A in Conclusion 5 demonstrates that U2 cannot secure

strictly positive profit in this case.

Step 3. Now suppose U2 offers <@?’Z3> # (c*,0) to Dj and <f&l2,1112> # (c*,0) to DI
while Ul offers (¢*,0) to D2. The analysis in Step B in Conclusion 5 demonstrates that U2

cannot secure strictly positive profit in this case. W

Implication. Lemma 2 and Conclusions 4 — 6 imply that under the equilibrium identified
in Conclusions 5 and 6, D2’s loss from collusion is the same under VS and under VI when

U1l and U2 can offer two-part tariffs.
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IV. Additional Conclusions from Numerical Solutions.

The text focuses on the extent to which collusion reduces D2’s profit. Tables TA1 —
TA16 below illustrate the impact of collusion on D1’s profit, aggregate industry profit (i.e.,
the combined profit of Ul, U2, D1, and D2), consumer surplus, and welfare (i.e., the sum
of consumer surplus and aggregate industry profit). The equilibrium magnitudes of these
variables are reported for illustrative values of the product homogeneity parameter () and
the relative competitive strengths of D2 and D1 (ﬁ—f). The tables report outcomes for
combinations of vy and ﬁ—f under which D1 and D2 both produce strictly positive output
in equilibrium under vertical separation (VS), both in the presence of collusion and in its

absence.?

Tables TA1 — TA4 report the proportionate difference between D1’s downstream profit
under collusion (7{") and in the absence of collusion (7}). The entries in the tables assume
that D1 secures the input from Ul at unit price ¢* under VI. Tables TA5 — TAS8 report the
proportionate difference in aggregate industry profit under collusion (II¢) and in the absence
of collusion (II¥). Tables TA9 — TA12 report the proportionate difference in consumer
surplus under collusion (C'SY) and in the absence of collusion (C'S™), where consumer surplus
is as specified in (1). Tables TA13 — TA16 report the proportionate difference in welfare under

collusion (W) and in the absence of collusion (W?).

Tables TA1 — TA4 indicate that collusion reduces D1’s profit under VS. The systematic
(and fairly substantial) reduction in D1’s profit reflects the higher input price that D1 faces
when Ul and U2 collude.* In contrast, collusion often increases D1’s profit under VI. The
increase in D1’s profit reflects the asymmetric increase in D2’s input price that Ul and U2

implement when they collude.

Collusion can reduce D1’s profit under VI when ~ and ﬁ—f are relatively large. In the
presence of intense downstream competition, D1’s relatively weak competitive position leaves

it producing little (or no) output, with corresponding little (or no) profit.

Tables TA5 — TAS report that collusion often reduces D2’s profit by more than it increases
the combined profit of U1, U2, and D1, particularly under downstream quantity competition.

However, collusion can increase aggregate industry profit when downstream competition is

3A blank entry in a table denotes a setting in which only one downstream producer serves customers in
equilibrium under VS either in the presence of collusion or in its absence (or both).

4The identical entries in Tables TA1 and TA3 (and in Tables TA9 and TA11 below) reflect the linear demand
and cost functions in our model. Downstream profits and consumer surplus are proportional to downstream
outputs under VS, and equilibrium downstream outputs vary linearly with input prices. Furthermore, input
prices (w;) under collusion and V8§ increase linearly with A; and do not vary with 7. (Recall Lemmas 3
and 5.)
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relatively intense (under price competition with substantial product homogeneity). It is
especially likely to do so under VI when 2—; is relatively large. Under these circumstances,
the asymmetric (and relatively substantial) increase in the input price that D2 experiences
when Ul and U2 collude enables (the relatively strong) D1 to increase its downstream profit

considerably.

Tables TA9 — TA12 indicate that collusion generally reduces consumer surplus, par-
ticularly under VS where the colluding input suppliers increase the input prices that both
downstream producers face. However, collusion can increase consumer surplus under VI with
downstream quantity competition if ~ is sufficiently large and ﬁ—i is sufficiently small. Under
these circumstances, Ul and U2 increase wy substantially, thereby promoting expanded out-
put by the (substantially) more efficient downstream producer, which can increase consumer
surplus. Welfare can also increase because, in addition to the increased consumer surplus,
D2’s weakened competitive position limits downstream profit dissipation, thereby increasing
aggregate industry profit.

Tables TA13 — TA16 indicate that collusion reduces welfare under VS. The systematic
welfare reduction stems from the higher input prices that both downstream producers face
when Ul and U2 collude. The welfare reduction under VS can be pronounced, typically
exceeding 30% in the settings under consideration. The welfare reduction is often less pro-

nounced under VI, in part because collusion does not increase D1’s perceived input price.

Collusion can increase welfare under VI and downstream quantity competition when ~
and 2—; are sufficiently large. The substantial, asymmetric increase in D2’s input price that
Ul and U2 implement in this case can increase welfare by shifting downstream output of the

relatively homogeneous downstream product to the (substantially) more efficient producer.
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A 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
0.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.25 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
2.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
Table TA1. chﬂ;riv under VS and downstream quantity competition.
g
2 01 02 03 04 05 06 07 08 0.9
0.50 0.026 0.053 0.082 0.114 0.148 0.146 0.131 0.103 0.059
0.75 0.039 0.082 0.130 0.182 0.241 0.308 0.386 0.440 0.449
1.00 0.053 0.114 0.183 0.262 0.354 0.464 0.596 0.759 0.969
1.25 0.068 0.147 0.242 0.355 0.495 0.669 0.894 1.194 1.614
1.50 0.083 0.183 0.308 0.466 0.672 0.950 1.342 1.935 2.913
1.75 0.098 0.222 0.384 0.600 0.902 1.352 2.079 3.410 6.410
2.00 0.114 0.264 0.469 0.763 1.211 1.968 3.451 7.258 25.420

Table TA2. "7

1

under VI and downstream quantity competition.
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A 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

0.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

1.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.25 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

1.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

2.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

Table TA3. ™7

™

under VS and downstream price competition.

Y

%j 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.50 0.025 0.053 0.084 0.122 0.172 0.181 0.167

0.75 0.038 0.079 0.127 0.185 0.263 0.375 0.553 0.759

1.00 0.051 0.106 0.170 0.249 0.356 0.515 0.781 1.323 2.973
1.25 0.064 0.133 0.213 0.312 0.446 0.646 0.982 1.595 -1.000
1.50 0.077 0.160 0.256 0.372 0.523 0.724 0.882 -1.000

1.75 0.090 0.187 0.296 0.423 0.562 0.605 -1.000

2.00 0.103 0.213 0.334 0.457 0.511 -0.237 -1.000

Table TA4. "7

1

under VI and downstream price competition.



0.50 -0.231 -0.214 -0.200 -0.190 -0.184 -0.183 -0.188 -0.201 -0.221
0.75 -0.226 -0.203 -0.180 -0.159 -0.138 -0.120 -0.103 -0.090 -0.081
1.00 -0.225 -0.200 -0.175 -0.150 -0.125 -0.100 -0.075 -0.050 -0.025
1.25 -0.226 -0.202 -0.178 -0.155 -0.133 -0.112 -0.093 -0.075 -0.061
1.50 -0.227 -0.206 -0.185 -0.167 -0.150 -0.136 -0.127 -0.122 -0.123
1.75 -0.229 -0.210 -0.193 -0.179 -0.168 -0.161 -0.160 -0.165 -0.178
2.00 -0.231 -0.214 -0.200 -0.190 -0.184 -0.183 -0.188 -0.201 -0.221

C_ 1N
Table TA5. “L'T under VS and downstream quantity competition.
I

0
%’f 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.50 -0.033 -0.014 0.008 0.032 0.061 0.086 0.095 0.086 0.055
0.75 -0.074 -0.056 -0.035 -0.011 0.017 0.052 0.097 0.152 0.202
1.00 -0.112 -0.099 -0.084 -0.069 -0.052 -0.032 -0.008 0.023 0.064
1.25 -0.143 -0.135 -0.127 -0.121 -0.116 -0.113 -0.112 -0.114 -0.119
1.50 -0.167 -0.162 -0.160 -0.160 -0.165 -0.174 -0.188 -0.210 -0.240
1.75 -0.184 -0.182 -0.184 -0.189 -0.199 -0.215 -0.238 -0.268 -0.307
2.00 -0.197 -0.198 -0.202 -0.210 -0.224 -0.243 -0.269 -0.302 -0.343

(e} N
1_II _HI

Table TAG6. under VI and downstream quantity competition.
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221

0.2

~y
0.3 0.4 0.5 0.6

0.7

0.8

0.9

0.50 -0.228
0.75 -0.223
1.00 -0.222
1.25 -0.223
1.50 -0.225
1.75 -0.226
2.00 -0.228

-0.202
-0.191
-0.188
-0.189
-0.193
-0.198
-0.202

-0.171 -0.134 -0.088 -0.034
-0.149 -0.095 -0.021 0.084
-0.143 -0.083 0.000 0.125
-0.147 -0.090 -0.013 0.100
-0.154 -0.104 -0.038 0.052
-0.163 -0.120 -0.065 0.005
-0.171 -0.134 -0.088 -0.034

0.023
0.243
0.333
0.276
0.176
0.089
0.023

0.491
0.750
0.578
0.335

2.000
1.075

Table TAT.

n¢-n . s
—L_L under VS and downstream price competition.

N
HI

N

2201

0.2

v
0.3 0.4 0.5 0.6

0.7

0.8

0.9

0.50 -0.032
0.75 -0.072
1.00 -0.109
1.25 -0.140
1.50 -0.163
1.75 -0.180
2.00 -0.193

-0.009
-0.047
-0.087
-0.120
-0.146
-0.165
-0.179

0.019 0.056 0.103 0.150
-0.013 0.034 0.101  0.202
-0.054 -0.007 0.064 0.175
-0.091 -0.048 0.017 0.118
-0.120 -0.081 -0.023 0.063
-0.141 -0.106 -0.054 0.020
-0.157 -0.124 -0.077 -0.011

0.165
0.363
0.369
0.285
0.194
-0.086
-0.148

0.623
0.771
0.590
0.072

2.004
0.593

Table TAS.

1 A § § . ops
—L—<L under VI and downstream price competition.

N
1_[I

N



~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
0.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.25 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
2.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

Table TA9. % under VS and downstream quantity competition.

~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.150 -0.150 -0.152 -0.155 -0.160 -0.113 -0.044 0.056 0.205
0.75 -0.270 -0.270 -0.270 -0.272 -0.276 -0.283 -0.295 -0.279 -0.211
1.00 -0.375 -0.374 -0.374 -0.374 -0.375 -0.378 -0.384 -0.393 -0.410
1.25 -0.457 -0.456 -0.455 -0.454 -0.452 -0.451 -0.451 -0.452 -0.456
1.50 -0.519 -0.518 -0.516 -0.513 -0.510 -0.507 -0.502 -0.497 -0.490
1.75 -0.565 -0.564 -0.561 -0.558 -0.554 -0.548 -0.541 -0.531 -0.517
2.00 -0.600 -0.5398 -0.595 -0.592 -0.586 -0.579 -0.570 -0.557 -0.538

Table TA10. % under VI and downstream quantity competition.



~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

0.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

1.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.25 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750
1.50 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

1.75 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

2.00 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750 -0.750

Table TA11. % under VS and downstream price competition.

X2 01 02 03 04 05 06 07 08 09

0.50 -0.189 -0.227 -0.263 -0.297 -0.330 -0.297 -0.206

0.75 -0.317 -0.361 -0.403 -0.442 -0.480 -0.516 -0.550 -0.525

1.00 -0.423 -0.468 -0.510 -0.549 -0.586 -0.620 -0.654 -0.686 -0.718
1.25 -0.504 -0.547 -0.586 -0.622 -0.655 -0.685 -0.712 -0.736 -0.697
1.50 -0.563 -0.603 -0.638 -0.670 -0.697 -0.721 -0.741 -0.725

1.75 -0.606 -0.642 -0.674 -0.701 -0.723 -0.741 -0.748

2.00 -0.638 -0.670 -0.698 -0.721 -0.739 -0.751 -0.689

Table TA12. % under VI and downstream price competition.



~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.413 -0.409 -0.406 -0.404 -0.403 -0.403 -0.404 -0.406 -0.410
0.75 -0.412 -0.407 -0.403 -0.399 -0.395 -0.392 -0.389 -0.387 -0.386
1.00 -0.411 -0.406 -0.402 -0.397 -0.393 -0.389 -0.385 -0.382 -0.378
1.25 -0411 -0.407 -0.402 -0.398 -0.394 -0.391 -0.388 -0.385 -0.383
1.50 -0.412 -0.407 -0.403 -0.400 -0.397 -0.395 -0.393 -0.392 -0.393
1.75 -0.412 -0.408 -0.405 -0.402 -0.400 -0.399 -0.399 -0.400 -0.402
2.00 -0.413 -0.409 -0.406 -0.404 -0.403 -0.403 -0.404 -0.406 -0.410

Table TA13. WC;;;V Y under VS and downstream quantity competition.

~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.074 -0.064 -0.052 -0.039 -0.025 0.009 0.042 0.074 0.109
0.75 -0.143 -0.135 -0.127 -0.117 -0.106 -0.093 -0.077 -0.042 0.014
1.00 -0.205 -0.202 -0.198 -0.194 -0.190 -0.186 -0.180 -0.174 -0.167
1.25 -0.254 -0.255 -0.255 -0.256 -0.258 -0.261 -0.264 -0.270 -0.277
1.50 -0.291 -0.294 -0.297 -0.302 -0.307 -0.314 -0.323 -0.333 -0.347
1.75 -0.318 -0.322 -0.328 -0.334 -0.341 -0.350 -0.360 -0.373 -0.389
2.00 -0.338 -0.343 -0.349 -0.356 -0.364 -0.374 -0.385 -0.398 -0.413

Table TA14. WCV;IXV " under VI and downstream quantity competition.



~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.412 -0.407 -0.401 -0.394 -0.387 -0.379 -0.372

0.75 -0.411 -0.404 -0.397 -0.388 -0.378 -0.365 -0.351 -0.334

1.00 -0.411 -0.404 -0.396 -0.386 -0.375 -0.361 -0.344 -0.321 -0.292
1.25 -0411 -0.404 -0.396 -0.387 -0.377 -0.364 -0.348 -0.329 -0.310
1.50 -0.411 -0.405 -0.398 -0.390 -0.380 -0.369 -0.356 -0.344

1.75 -0.412 -0406 -0.399 -0.392 -0.384 -0.374 -0.365

2.00 -0.412 -0.407 -0.401 -0.394 -0.387 -0.379 -0.372

Table TA15. WC‘;;NW " under VS and downstream price competition.

~
X2 01 02 03 04 05 06 07 08 09

0.50 -0.087 -0.091 -0.093 -0.094 -0.093 -0.066 -0.025

0.75 -0.159 -0.167 -0.174 -0.179 -0.183 -0.185 -0.183 -0.140

1.00 -0.222 -0.234 -0.244 -0.253 -0.261 -0.267 -0.270 -0.270 -0.264
1.25 -0.270 -0.284 -0.296 -0.306 -0.314 -0.320 -0.321 -0.316 -0.386
1.50 -0.305 -0.320 -0.332 -0.341 -0.347 -0.349 -0.343 -0.427

1.75 -0.331 -0.345 -0.356 -0.363 -0.366 -0.362 -0.444

2.00 -0.350 -0.362 -0.372 -0.376 -0.376 -0.368 -0.424

Table TA16. WCV;IEV " under VI and downstream price competition.



Technical Appendix B to Accompany
“The Impact of Vertical Integration on Losses from Collusion”

by Germén Bet, Shana Cui, and David E. M. Sappington

This Technical Appendix extends the analysis in the paper to consider n > 1 downstream
suppliers (D1,...,Dn). When the two upstream suppliers (Ul and U2) collude, they specify
the input prices (wy, ..., w,) they charge to D1 ... Dn. They also specify f;; € [0,1], the
fraction of Di’s total demand for the input that is supplied by Uj (i € {1,...,n}; j € {1,2}).
When D1 and Ul are vertically integrated, v; € [0,1] is the valuation that D1 places on
Uj’s upstream profit (j € {1,2}).!

If a representative consumer purchases q = (qu, ..., ¢,) at prices p = (p1, ..., pn), his util-
ity is:

n

Ula,p) = Zai%’_% Z(Qz‘)QﬂL?WZ%‘% _Zpi(_h'- (1)

i=1 i=1 j#i i=1

Utility maximization entails:

U(q,p -

(0 ) ZOZi—C]i—WZQj—piZO- (2)
qi e
J#i

(2) implies the inverse demand curve for firm i’s product is:

B(qwqfi) = Q; —q; — % Z dj - (3)
J#i

Let ¢; denote firm ¢’s constant unit cost of production (including the input price). Then
(3) implies that firm 4’s profit is:

7i(¢i,a-i) = [Pi(gi,a-i) —¢i] g (4)

[. Quantity Competition

A. Vertical Separation. No downstream supplier is integrated with any upstream supplier.

(3) implies that aggg-) = — 1. Therefore, (4) implies that when Di incurs unit cost ¢;, its

profit-maximizing choice of ¢; is determined by:

n
Pgna-i)—c—q =0 & o —gq— ’YZQJ‘—Q’—% =0
j=1
J#i
!The analysis in the paper considers the case where v; = vy. Conceivably, D1 might not be aware of D1’s
collusive arrangement with U2. v; = 1 and vy = 0 might prevail in this case.




Summing (5) over all firms provides:

doa :% Dlai—e) =YD g :% Z(Oéi—ci)—ﬂn—l]zch

i=1 i=1 i=1j=1 1=1 =1
i
n n n Zl(ai—ci)
= 2"— n—l A Q; — C; = A =
[2+7( )];q ,Zl( ) izlq e T—
a;— ¢+ ) (aj —¢)
Jj=1 n
J#i
= ;= — P 6
i

(5) implies:

n

2q; = CYi—Ci—”Yi(Oé

1
=) = Y (a—¢) =3

=1 j=1
J#i J#i
Therefore, (6) implies:
a;— ¢+ 3 (aj —¢j)
j=1 1
JjFi
i = —— |l —ca—2g
e 2+y[n—1] 7l 4]
a;— ¢+ 3 (aj —¢)
-2 1
= 1[L] = __[ai cz]
v 24+7y[n—1] v

v |ai—ca+ ) (o —¢)

j=1
J#i

[CVZ—CZ—QQZ]

—lai—c][2+7(n—-1)]

- o5

24y (n—-1)]



Ylai—e+ 3 (=) | —[a—al[2+7(n—1)]

L 7
[y =22+ (n-1)]
247 (n=2)][a—al-7 3 (0 - )
S g = i#i

[2=7][2+7(n-1)]
(7)

The first equality in (5) implies that P;(-) = ¢ + ¢;. Therefore, (7) implies that the
equilibrium price for Di’s product is:

2+y(n=2)][a—e] =7 X (o =) +[2-7][2+7(n-1)]e
i

[2=7][2+7(n-1)]

pi = ¢t =

(8)
Observe that:

[2=7]2+v(n=1)] = [2+7(n-2)]
= 44+2y[n—-1]-27v-9*[n—1]—-2—~v[n—2]
= 2+2yn—4y—7*[n—1]—yn+2y

= 2+9n—-27y—7*[n—-1] = 2+q[n—-2]—9*[n—1]. (9)
(8) and (9) imply that under vertical separation, for i € {1,...,n}:

247 (n=2)][a+a] =7 In=1]e -7 3 (0 - )
. _ j#i
P 2127 (n—1)] | (10)

B. Vertical Integration. D1 and Ul are vertically integrated.

(4) implies that unintegrated downstream firm Di chooses ¢; to:

Maximize 7;(q;,q-;) = [Pi(g,q-:) —w; —c‘;] ¢ forie {2,.n}. (11)
qi

D1 chooses ¢ to:

Maximize m(q1,q-1) = [Pl(ql,q_l) —wy — cﬁl] 7

q1



n n

+ oo Y (wi— e fugit oY [wi— ] faua. (12)

i=1 1=1

OPy(-)

5q = — 1 from (3). Therefore, (3) and (12) imply that firm 1’s profit-maximizing
choice of ¢; is determined by:

Pi(q,q-1) —wi — ¢ —qr + v [wi — ¢} | fu +vo [wr — 5] fr = 0

n
= Oél—CIl—VZC]j—U)l—Cil—Q1+U1[w1—qu]fn+v2[w1—Cg]fm =0
j=2

n 2
1
S @ = a—w =l =y Y g+ Y wilw =] fa (13)

j=2 i=1

(5) implies that the reaction function of unintegrated firm Di is:

1 - .

G = 3 ai—cf—wi—yélqj for i € {2,...,n}. (14)
iz
J#i

(13) and (14) imply:

n n 2
Z%’ = % 041—72Qj—wl—Cil-i-Zvi[wl—cﬂfﬂ
i=1 j=2 i=1
—l—% (ai—cf—wi)—’yzij
1=2 i=2j5=1
jFi
n n n 2
= % Z(ai_c?_wi)_VZZQj"‘Zvi[wl—C?]fﬂ
i=1 Z:ng i=1
n n 2
= %[Z(O‘i_cg_wi)_'Y[n_1]2%“*‘2%‘[101—0?]]%1]
i=1 i=1 i=1

[W] d g = % [Z(Oﬁ—cg_wi)+Zvi[“’1_cy]fﬂ]

i=1 i=1
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~ qu - 24+v[n—1] (15)

2
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7 1=1
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. 2+ [n—1] 2 fori € {2} (19)
JjF#i

(13) and (15) imply:

n 2
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%

@ =3 ap —wy — ¢ — —q
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2
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i=1
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= @[2-7] = a1 —w —¢f 2+7m—1];;um ¢ —w,)
2
|: 2_‘_7 :|Zz::lv7, wl_c le
x 1 o a1 g - R
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(14) and (15) imply that for ¢ € {2,...,n}:

Z(%—CJ—U)J')JFZQ:%[ ] fn

o d J= J= _

¢ = S| —C¢ —W; — 7 2+7[n_1] qi
v Zi:(aj—c?—wj)—l—Zi:vj[wl—cﬂfﬂ
= ¢l[2—7] = a;— ¢ —w; PR |
> 0= g leed gy & (e w)

Y 2 u .
_ [2_7][2_‘_7(”_1”Zvj[wl—cj]fjl for i € {2,...,n}. (18)

Jj=1

Optimal Collusive Input Prices under Vertical Separation (and Quantity Competition)

Now consider the input prices U; and U, set when they collude under vertical separation
and downstream firms compete on quantities.

For i = 1,...,n, Di’s unit production cost is ¢; = c¢? 4+ w;. Therefore, (7) implies that the
equilibrium output of Di is:

247(n-2)][a—cd—w] 7 3 (a; - —w;)

j=1
J#1 .
¢ = for i =1,...,n. 19
[2=7][2+7(n—1)] (1)

Under vertical separation, U; and U, choose input prices w; to:
max Z w; — ¢} f12q2+z w; — 3| fai G;
i=1 =1

n

& max ZwiQi_Z[qufli"f’cgf%]Qi

i=1 i=1
< max Z[wi—clffu—cgfm]%, (20)
L=l

where ¢; is as specified in (19).



Differentiating (20) with respect to w; provides:
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Summing (22) provides:
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v X (g =+t fy+csfo) =27 Z:l(aj—C?)
i#i i
2[2=7][2+7(n-1)]

S

+

_ 247 (n—=2)][a;+ ] —4*[n—1] ¢

[2=7][2+7v(n—1)]

I [24+7(n—2)—~*(n—1)] [ai—cf‘i'cqfflmLngszi}
2[2=7][2+y(n-1)]

n

v .;I(aj—C?—CQ‘flj—cgfm)
i
2[2=7][2+~v(n—1)]

[2+v(n—2)][a;+¢] —4*[n—1] ¢
[2=7][24+~v(n—1)]

N [2+7(n—2) =2 (n—1)] [a;— ¢ + ¢ fri + ¢4 fai ]
2[2=7][2+7(n—-1)]

vlai—cf = fi—c fai] v [ — ¢ = fui— ¢ fai

TR A2 r(n—1)]  2[2=7] 247 (n—1)]
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[2+7(”—2)Har+ﬁ}—Vﬂ”—i]ﬁ_FVU%—Cf—ﬁfM—C&&]
[2=7][2+7(n-1)] 2[2—7][2+v(n—-1)]

N [24+7(n—2) =7 (n—1)] [a;— ¢ + ¢ fri + ¢4 foi]
2[2—9][2+7(n—-1)]

n

v 2 (o —¢f =i fij — ¢ foy)

j=1

2[2=7][2+y(n—1)]

_2tr(-2) e+ ] - ln-1] ¢
2=~][2 47 (n—1)]

[247(n—2)=2*(n—1)+7] [a; = ¢!]
2[2=7][247(n-1)]

[2+7(n—=2) = (n—=1) =] [} fui + ¢ fai]]

" 22— 71247 (n—1)]
g Z (ay — ¢4 f1j — ¢ foy)
2[2 Y2+v(n—1)]
_ 24y (n-2)]q [24+9(n=2)=7"(n=1)+7] q
[2=7][2+7(n—-1)] 2[2=7][247(n-1)]

L2 =2) = (n-D)] ¢ [249(n=2)=7"(n—=1)+7] ¢
[2—=7][2+7(n—-1)] 2[2—7][2+y(n-1)]

n [2+7(n—=2) = (n—1)—=7][c} fri + ¢ foi]
2[2=7][2+v(n—-1)]

’YZ(%—C C?flj—cgfzj)
2[2=7][2+v(n—1)]

_ 643y (n=2)=7*(n-D+9]a; [247(n=2)—7*(n-1)—7]
2[2—9][2+7(n—1)] 2[2=7][2+7(n—1)]
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[2+7(n—=2) =~ (n—1)—=7][c} fri + ¢ foi]
2[2—7][2+7(n—-1)]

+

72( C1f1g Cngj)
2[2=9][2+7y(n—-1)]

_[643y(n=2)-7*(n-1) +y]a;  [247(n=2)-7*(n—-1) 7]«
2[2—7][2+v(n—1)] 2[2-7][2+7(n-1)]

[247(n=2)=~*(n—1)—7] [—a; +}]
2[2—7][2+7v(n—1)]

[2+7(”—2)—72(”—1)—’7] [t fri + 5 fai]
2[2—7][24+v(n—-1)]

+

’YZ[%—C ¢t frj — 3 fas ]
2[2—v][2+7y(n—1)]

_[643y(n-2)—?(n—1)+9]ai  [247(n—2)—7*(n—1)—7]a
2[2—7][2+7(n-1)] 2[2—7][2+7(n-1)]

247 (n—=2) =7 (n—1)—7] [ai — ¢! = ¢ fri — ¢ fai ]
2[2=7][2+y(n—-1)]

Y Z ( —cf fij— cngj)
2[2 YI2+7v(n—-1)]

_ [M+2y(n—2)—*(n—-1)] o
[2=7][2+7(n—1)]

[24+7(n—2) =~ (n—1)—17] [ai—C?—C?fu—cgfzi]
2[2=7][24+v(n-1)]

¥ Z (o —cf =t frj — ¢ foy)

2[2 TH2+7(n—1)]

[24+7(n—2)—~*(n—1)—17] [&i—cf—c¥f1¢—05f2i]
2[2=7][2+y(n-1)]

oy —
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72(%_0 Cﬁ‘flj—cgfm)

22— ][2+7 (0= 1)) 2
(4), (26), (27) and (28) imply that for ¢ = 1, ...,n, Di’s equilibrium profit is:
P=E-d -]
_ a-—c‘-i—[2+7(n_2>_72(n_1>_7] [Oéz‘—cg_dffu—dffzi]
o 2[2—=7][2+y(n-1)]
ZTL:[O‘J — ' fij — Cgf?j}
— d U U
BT R TCE N L S R
[2"‘7(“_1”[ai—cﬁl—d‘fli—cgfzi]_,YZ( B Cgf?j)
2[2—=7][2+y(n-1)] 2[2—7][2+y(n-1)]
_ _[2+’y(n—2)—’y2(n—1)—fy] [@i—cf—c¥fli—cgf2i]
2[2=7][2+y(n-1)]
v E [ Cl f].j Cgf2j]
d U U
B IPETII PRIy 1 G it Ct 20
[2+7(n—1)][ai—cf—c%f1i—cgf2i]_7Z( “cthy e fy)
2[2=7][2+y(n-1)] 2[2=7][2+y(n-1)]
(29)
Observe that
[2=7]12+y(n=1)]=[2+4+7(n=2) =" (n—1)—7]
= [2=9][2+7(n-1)]=2—-7[n—-2]+7"[n— 1]+
= 4+2y[n—-1]-27y—~*[n—1]-2—7y[n—-2]+~*[n— 1]+~
=2—y+7y[2n—-2—-n+2] = 2+y[n—-1]. (30)
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(29) and (30) imply that Di’s equilibrium profit is (for i = 1,...,n):

ol Z [ —cf — ¢ frj — ¢ foy ]

o 2+y(n—-1)][ai—cf —cf fu—c fu] /=
' 2[2—7][2+7(n—-1)] 2[2—~][24+7(n—1)]
[2+y(n—1)] [ —cf = fri — ¢ foi] _,yjzl[ = ]
22— )2+ (n—1)] 2= 2 (= 1))

2ot o fumcgf] L9 AR

2[2—=7][2+~y(n-1)] 2[2—=7][2+y(n-1)]

(31)

Optimal Collusive Input Prices under Vertical Integration (and Quantity Competition)

Now consider the input prices U; and U, set when they collude in the setting where
downstream firm D1 is vertically integrated with upstream supplier Ul and downstream
firms compete on quantities.

(3), (17), and (18) imply:

Pl =o—q—7) ¢
i =2

n

d g d
—amg le el ey 2 (e w)

2—y+qyln-1] ¢

C[2=9][249(n—1)] Zvi[wl_cf]fﬂ

=1

_Lz(ai_wi_cg)Jr[Q— el > (o —cf —wy)

2-v & 2+ (n=1)] =
Y [n—1]
+[2 Y2+~ (n—1) ZUJ wy C f]l
1 p v+ [n—1] &
= o1 — ap —wp— ¢y |+ —c —w;
' 2—7[ Lo [2—7][2+7(n—1) Z )

=1
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+E|:Oél wl—cﬂ—2_7[a1—w1—0f]—%i_2(a1 UJi_Cl)
_ 1= B d Y+ [n—1] . o4
= o L emd e oy 2 ()

oty gy yE Y I =24y (n - 1)] o
e L AR P PR ) 2_31( fw)
2—v+vy[n—1]—12 n—l
o [2=4][2+( n—l ;“’ i1 i
it} o —wy — ] — 7 Y o — & —w;
- 2—v[1 1] [2_7][%7(”_1)]21(@ o)

2= 9+q[n-1]- 72 n—l
[2=7][2+~( n—l

i1 (32)

le

Under vertical integration, U; and U, choose input prices w; (for i =1,...n) to:

nﬁx Z w; — ¢y flzqz—i-z _CQ Joi @i + [Pl_wl_cil]%

i=1 i=1

<~ H}UaX Z C]_fll cgfgi]qﬁ—[Pl—wl—cf]ql. (33)

where P is given by (32), ¢, is given by (17), and ¢; is given by (18) for i = 2,...n.

Differentiating (33) with respect to w; (for i = 2,...n), provides the following first-order
condition:

IP()
qQ o,

9qi(*)
8wi

90 (")
0wi

+ [P —w — ] + @i + [wi — ¢} fri — 5 foi ]
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n a .
+ Z(wj—dibflj—cgf%) gjuf) = 0.

j=1
i
(17), (18), and (32) imply that for i =2,..nand j=1,...,n (j #i):
oP() _ 9q() _ gl
du. T ow,  -a+a(n-1)] ™
9gi(-) _ 1 + g '
ow; 2=y [2=7][2+7(n—-1)]

These derivatives and the preceding first-order condition, along with (17), (18), and (32)

imply:
fy[Pl—wl—cﬂ —|—qZ

Y1
TR a(n-1)]

[2=7][2+7(n-1)]

. . 1 g
+ [wi — ¢f fri — 5 fai {_2_7+ [2_7][2+7(n—1)]]
e oy g =
—{—Z 11— 2f]){[2_7][2+’y(n—1)]} ’
J#Z
Y —U)1—C§l_ 72 n ai_Cd_Wi
= [ 1 } [2—7]2[2—1—’7(”_1)]2;( Z )

(2= [2+7(n—1)]

v[2=7+7(n-1)] < B
2-AFl2ry (o 2wl

_|_

1—
gass! _ 7 7] [al_wl_cﬂ

[2=7]12+7v(n=1)] [2—7[247(n—1)]

~2
— 2 E —c—wz

[2—7]? [2+7 n—1)

+

y[2=7+7(n—1)- o — ] fu v [wi +¢f]
[2—=7[24+7(n ; ' Ha [2—=7][2+7(n—1)]

[\

n
E C —U)]
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=

=

()

ﬁy U
- [2—7][24+~v(n—1)] Zvj[uh—cj]fjl

U u 1
+ [w; — cf fri — ¢ fai [—2_7+[2_7][2+7(n—1)]}

w gl =
+Z “hi= ) | ) -

e
[Z—J];[;Erlv_(z]—l)][al_wl_cﬂ_[z—y]z[zzjz(n—1)]2il(ai_cg_wi)
+7[2—7+7(n—[;)_];]27[[22;;(2’7_%?21) (n—1) ZU 0y —
*[2—71[2?3(7@—1)]‘[2—31&?((:%3—1)J
+2i7[ai_wi_c§l]_[2—7][2+v n—1) Z )
‘[2—v][2:v<n—1>1ji”j[wl‘cﬂfﬂ
# lnet o= |~ 325 4 Tt
+§ SO ceTra I
[2—77]“‘_[337_(1]_1)][“1‘“’1‘Cf]‘[z_ﬂq;fi(n_l)]zg@—(/‘?—wﬂ
[2—7]752[1;171—1 Z fl*[zjm;fvl(n#—]n]
+2i7[ai—wi—c§l]—[2_7][217(n_1)]Zn:(aj—c;?—wj)

j=1
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g vj |wy — ¢ | fi
“m—vuz+vwr—w1;:J[ |

1 Y }
+ [wi — ¢} fui — ¢ fai] [_2_7+ [2—~v][24+~v(n—1)]

v _
+Z —afu - C%j][w—v][%ﬂ”—m] :

J;é

2y (a1 —wi — ¢t ]+
2—7P[2+7(n—1)]

2y +y[2—9][2+y(n—-1)] ¢ a; — ¢ —w;)
- 2—y]*[24+7(n—1)] ;(

[\

Y In—=1]=7[2=7][2+7( ”_1 sz wy —¢'] fa
[2=7]*[2+7(n—1)] i=1

1 Y }
+ [w; — ¢} f1i — ¢y fai] [_2_7—1_ [2—=7v][24+v(n—-1)]

Y =
+Z - fiy — Cgf?j)[[z_fy][Z—l—v(n—l)]] ’
J#

1 d
27 O[l_wl_ccll]+ [O‘_wi_c]
2o PRty (n=1)] | 2=
29+ [2—9][2+(n—-1)] Zn:(ai—cf—wi)

[2—P[2+7(n-1)] &

Yn—1]—7[2—7][2+( n_l
(2= (247 (n=1)] i=1

Mw

+

V; w1—0 fi

_2—’}/(%—1)
+[wi—61ff1i—cgf2i][ ! }

[2—7][2+~v(n—1)]

v —
+Z w; — & fij — Cgfzj){m_ﬂ[gjuy(n—l)]] ’

J#
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1 29+9[2—9][2+7y(n—1)] v—2—7y[n-1]
= {2 _ _ }w,

-7 2= [2+7(n—1)] [2=7][2+7(n—1)]
= 27 o wy — C L a; —
- [2—712[2+7(n—1)][ L 1]+2—7[ e
27 +y[2-9][2+79(n—1)] [ — ]
2= [2+7(n—1)] C

29 +q[2-7][240(n—1)] ¢ .
2=~ 2+~ (n—-1)] ]Zl( )
JF#i

ULETIERIE R ERTURS VIR S
2= [24+7(n—1)] Z !

— (¥ f. % fo. 7_2_7(71_1)
[l fui+ 2f22][[2_7][2+7(n—1)]}

u Y
+Z —cf fij— sz2j){[2_’y][2+7(n_1>]]. (34)
J#
Observe that:
1 29°+9[2—9][2+v(n-1)]  y-2-7[n—1]
2-7 [2-7P[2+7(n—1)F [2=7][2+7(n—-1)]
1 ) )
- e 2R (- D -2t 2 (2 (1))

—[2=7][2+v(n=-1)][v=2=7(n-1)]}

1

T PR (monp 2= Dl e (=) =

—y+2+y(n-1)] - 29°}
2

= P (2R = DIy (=) =7 (39)
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(34) and (35) imply that for i = 2,...,n:

2{[2—7][2+y(n—-1)][24+~v(n—-2)] —~*} -
22— (247 (n—1) Z

27 —wl—cd L o
[2—7]2[24—7(71—1)][ ! 1]+2_7[ i J

24292+ (n—1)] [ — ]
(2=~ [2+7(n-1)] L

- 272+7[2—7][2+’7(n_1)] i(aj—cd—wj)

[2—7]2[2—1—7(’”—1)]2 j=1
J#i

Yin—1]-v[2=7][2+~( n—l o [y —
[2— P2+~ (n—1)] E; 1

+

g £ y—2—-9(n—-1)
et i+ ) | TS e

T v .
—1—2 11— QfJ)[[Q—fyHZ—l—’Y(n_l)]}

Observe that:

1 29%+9[2—9][2+7y(n—1)]
27 2=y [2+7(n—1)F

1 2
Fp o ww s s A ILERACESIURP)

(2= [2+7(n—1)]

(36) and (37) imply:

2{[2—7][2+y(n=D)][2+7(n=2)] ="}
[2—77[2+~(n—1)F Z

2
7 [al—wl—cﬂ

(2= [2+7(n—1)]

! 21247 (n-1)][2 47 (n—1)

— v[2=7][2+7(n—-1)] -2}

—v]-27%}.

(36)

(37

)

22



=

+

(2= [2+7

29+ [2—9][24+9(n—

(n—1)J)"

LS (0 - - )

[2—7P[247(n-1) =

i#i

P n=1]=y[2=7][2+7( (n=1) Z” wi — ¢

2-aFrae-DF £
—[le12+ 2f2z]|:[2_fy][2—|—’y(n_1)]}

+ Z - fii— Cgfzj){
J;ﬁ

2€) w
[2=7][24+7(n-1)]
2y d

= 2_7 [al—wl—cl}

STeal
[2=7][2+7(n—-1)]

L2oal2eae DIy (n=2)] 220

[2=7][2+~7(n

_ 24292+ (n-1)]

—1)]

d

[2=7][2+7(n-1)]

(o5 = ¢f —wy)
j=1
Jj#i

Yn-1]-7y[2—7][2+y(n—-1) Z” wy —

[2—=7][2+7(n—1)]

— [ futd fullv—2-7

TL—]_ +’yz lelj
J#

where Q = [2—7][2+7(n—1)][2+v(n—2)]—~*.

(38) implies that for i = 2,...,n:

y[2+7(n—-1)]

Q

w; = [al—wl—c‘”

[2—7][2+y(n—1)][2+y(n—1) —y] -2 (as— ]

Cy faj)
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[2-91[2+9(n=D1[2+7(n=2)]=29" - | gy
2Q Lo

+

272+ v[2—=~][2+~v(n—1)
B 20 Z

C —wj
1

L.

J7i

3
Yin-—1l-v[2—7][2+7(n—-1)
+ 50) E V; wl—c

C[2=q]249(n=1) ][y —2—9(n—-1)]
20

7[2—7][2+7(n—1)]Z(wj_c?flj_cgﬁj). (40)
i%i

[} fii + ¢ fai)

20

Observe that:

27 +y[2=7][2+v(n—1)] +’Y[2—7H2+7(n—1)]
20 20

72+7[2—v]§[22+7(n—1)]. (41)

(40) and (41) imply that for i € {2,...,n}:

Y[24+9(n—1)]

[a1 — W —Ctli}

w; = 0
[2=7][24+y(n=1)][2=7+7(n—=1)] =2+° y
+ 20 [ai—ci]

29 +9[2=7][2+y(n—-1)] ¢ J

- 20 ;(ai_cj)

i
+’Y[ ][2+”Y (n—1) Zw]_i__zw]
J# J;

YIn—1]=v[2=7][2+v(n—1)]
* 50

]

(% [w1 - Cff]fﬂ

i=1

B 7[2—7][2+7(n—1)][

) ci fri + ¢ fai ]
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=

wy

LR2=r]2Ay(n—D)][2+y(n—1)]

50 (e} fii+¢5 fai

7[2_7][22};7(71_1)] j;(cqfflj"‘cgfm)
i

y[2+y(n—1)] d

2—7][2+y(n-1)]

9 [Oél—’LUl—Cl]+ 20

v[2=7][2+y(n—-1)]+29 [
20

4 —C;i]

2y +v[2—7][24+~v(n—-1) Z

+

+

+

202
j=1
J#i

2—~][24+~(n—1)
ol 7][+7 ij wa

17’52 J#z

Yln—1]-v[2=7][2+~v(n—-1)

50 Zv wy — ¢

2—7][2+v(n=-1)][24+y(n=-1)], , "
20 [} fri +c5 fai

7[2_7][22;7(71—1)] > (it foy)

Jj=1

v[2+9(n—-1)] a1, [2=7][2+7(n-1)]

Q [ —w =]+ 20

2y [2—9] 240 (n 1))

+

N Yn—1]=7[2=7][2+v(n—1)]

20 Z(ai_c}i)

2 — 2 n—l
v[2—7]] ‘|'7 Zwﬁ 7 ij

7&

M)

vi lwy —¢i'] faa

2Q

=1

[ai =]

[ai =]
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[2—7][2+7(n—1)]

i 0 [} fri+ ¢ fai]
o 7[2_7][22‘5'7(71_1)] jzl<ciff1j+cgf2j) for i = 2,....n. (42)

Now consider Ul and U2’s profit-maximizing choice of w; under vertical integration.?
Differentiating (33) with respect to wy, using (17), (18), and (32), provides:

Q1 {8;2(1) _1] + [P1—w1—ccll] aé]w() [y — ¢ fiy — f21]0aq1(1)
a- (-
+JZ:2 — ¢ fij — ¢5 fay) gjy(l) =0
Q18§zlu(1.)+[Pl_cil_c?fll_cgfm O0() +Z —cf fij — cé‘fzj)aaqii) =0
j=2
S il 2=ty 1] -1 &,
7 2_7+[2—7][2+7(n—1)] [2—7][24+7(n—1)] izlvzfu]
1 Y

+ [Pl—c'f—cqffu—cgf?l} {_2_7—'— [2—7][24+~v(n—-1)]

2—y+~vy[n—-1]
+ ,UZ’L
[2—~][2+7y(n—1) Z fl]

. Y
—|-jz_:2 —cf fij — C2f2j){[2_7][2+7(n—1)]

P ][2+7 T Zvlfﬂ] = 0. (43)

Observe that:

-9 Y 2—y+vy[n—1]—~2 n—l
2=y El24a (-1 22 (n Z“zfﬂ

2The choice of w; does not affect equilibrium outcomes when v1 = v = 1 and fi; = fo; foralli =1,....n
However. the choice of w; might affect equilibrium outcomes more generally.
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_2-949[n-1]-9[n-1] 2-7+7[n-1]-1*[n—1] th

[2=7][2+7(n—1)] W—7H2+7n—1
- 2_[7;15?21%(;—1 [ Z”zfﬂ] : (44)
Further observe that:
__2i7+[2—7H21vhp—m]+[zi;ﬁgjyz;?u]g;”ﬂl
= BB Eo s T Zf
- [2:]7[;:5;;; ll—szfu : (45)
In addition:
[2—7“217(n—1)]_ [2—7][21q(n—1)];“ifﬂ
= EE o) [“Zf] (46)

Substituting for ¢; from (17), substituting for P, from (32), and using (44) — (46) allows
(43) to be written as:

2—y+y[n—1]-9*[n [ }:wﬁl

[2—7H2+7(n—1

2

2= 9+79[n-1] _ I N ._ A
[2=7][2+~v(n—-1)] _1 ; "fﬂ_ [Pl 1 11 Qfgl}
g [ 1 ) o
i [2—=7v][24+~v(n—1)] _1_;Uifi1-j;<wj—clflj_02f2j) =0
2—v+y[n—-1]-7 )
- M—7H2+7(n—1 [ E:%ﬁ4 — [on — w1 —¢f]
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C2—9+yn-1]-9*[n-1]| o o w
2P k [1 Zf]”Z( fw)

2= [2+7(n—-1)]

(2= [2+7(n—-1)]

2—y+~v[n—-1 _ _ u o
. T+71 ] 1_Zvif“ [cf+clf11+02f21]

2 1T n

v PR )
Pt | L | D e ) = 0

4j=2

2—y+vy[n—1]=-9*[n—=1]+[1—=7][2=7y+~v(n—1)]
[2—=7][2+7(n—1)]

= 1
ll—zvzfﬂ]Q_ [Oél—wl—ccll]

~y
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Summing (42) and (51) provides:
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The first term in the fifth line of the expression immediately above is the sum of the first
term in the fourth line and the first term in the ninth line of the preceding expression. This

is the case because: o on n n n
DD wity wi= )y

i=2j=1 j=2 i=1j=1
J#i J#u
The last term immediately above is the sum of the seventh and the twelfth lines in the
preceding expression. The two terms before the last immediately above are the sum of the
sixth and the eleventh lines in the preceding expression.
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Observe that:
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Pin—1]—72=7][2+7(n—1)] I 1
73[71—1] n ,_Cd
+73["—1]—7[2—7][2+7(n—1)];(0‘3 i)

Yn-1][2+y(n=1)] -9 [n—-1]-7*-Q
Yn—1]=y[2=7][2+7(n—1)]

wh

2[24+9(n=2)=7*(n=1)][2+~y(n—-2)] Zv'fuwl

T 22+ (n-1)] &

46



C2[249(n-2) -

+

2(n—1

)2 +7( n—2

5
VIn—1]-vy[2-7][2

2=5][2+7(n—1)

+v(n—1) Zvcfl

]2

Yln—1]-vy[2—v][2+v(n—1)]

y[2—7][24+y(n—1

[qufll +C§f21]

)] -

S Pln-1]-7[2-7][2+9

Y24+ (n—1)][n—1]+9

(n—1)] Z(quflj“‘cgféj)

Jj=1

(n—2]—+*[n—1]-Q

[2—7P[2+7(n—1)]

Yln—1]-7[2-9

—prn—1]1-9]

2

2{[2=7P[2+7(n—1)]

L 22+ (n=2) v (n -

[[24+7(n—1)] . -
_72[71_1][1_7]}[ 1]2211 fz

plezslm 2l > wiws fa

2=y [24+7v(n—1)]—

Y24y (n—1)][n—1][1—-7]

Rln-1][1-7] ="

[2_7]2[2—1—’}/(%—1)]—fy?[n_l][l_,y]

[2—7][2—1-7(%—1)]2 n (ai_Cd)

2P 24 (n—1)]

~2[n-1][1-9]} &

272—#7[2—7][2—}—7(7@_1)]_27‘3 [n_l]z(a‘_

2{[2-9P[2+7(n-1)]

Yln-1]-y[2=7][2+v(n—1)]

— 7 [n—-1][1-71} 2

2{[2-1P[2+7(n-1)]

—2[n—-1][1—~]} n—1] iz:vici fi1

_2[2+7(n—2)—72(n D][24+~v(n—2 e
2—7P[2+7(n—1)]—2[n—1]] Z fa
[1-7][2=7][2+7(n-1)] S
+[2_7]2[2+7(n_1)]_v2[n_1][1_7]izl(1flz+ y f2i)

[2—7][2+~(n-1)]?

2{[2-7][2+7(n—1)]

—’72[n—1][1_7]} (e} fi1 + ¢ for]
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Vn-1]2+y(n-1)] -7 [n-1]-9*-Q
PVn—1]=7y[2—7][2+7(n—1)]
24 9(n=1)][n—1]+7*[n—-2] -9 [n—1] -
2= (247 (n—1)] =92 [n—1][1—7]

w1

212+ 7(n—2)=1*(n—1)][24+7(n—2)] .
Pn=1l=v[2=7][2+7(n—-1)] ;”zfﬂ 1

_2249(n=2) - (n-D][24y(n=2] g~
AP (D] a1 ) 2

2{[2—7P[24+7(n—1)]—2[n—1][1—~]} =

_ P[n—1][2+v(n—1)] [
Vn-1]=7y[2=7][2+7(n—-1)]

247 (n=1)][n—1][1 -] [ 4]
[2=7P[24+7(n—=1)] =42 [n—1][1~7]

_ 7 [n—1] Y
Vn-1l=v[2=7][24+7(n—-1)] > (a5 =)

_ 29 +y[2—7][2+7(n—1)] —27° TERIRY ()
2{[2—7P[24+7(n—1)]—2[n—1][1—~]} =
. [2—7][24+7(n—1)] 55“%_@)

2{[2=7F[2+7(n-1)] =2 [n-1][1-1]} Z
20247 (n—-2)—2(n—1)][247(n—2)] iv-c@fl

;
T Ptz (-] &

B [2—7][2+~(n—1)F p

P =122+ (n-1y] (F At el
[2—v][2+7(n—1)]

2{[2—7][2+7(n—1)]—?[n—1][1—~]}

y[2—=9][2+7y(n—1)]
Yn—1]-v[2-7][2+7v(n—-1)

[ fi1 +¢5 fa ]

Z Cl fl] +Cg f2]

J=1

+
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N [1—7][2=7][2+7(n—1)] .

] v ) ol o
P Ty sy s g DL C SRS EEY

B Y n—1]—y[2—=7][2+7y(n—1)] . o
2{[2—=7[2+7(n—-1)]—=¥?[n—1][1—~]} | 1]; ek

_224q(n-2)—1(n- 1)][2+w—2 .
2P (27 (n—1)] = [n—1][ Z 4

Define:
o =’ [n-1]-v[2—7][2+y(n-1)];

@ = (2= [2+7(n—=1)] =" [n—1][1-7].
(60) implies that (59) can be written as:

Pln-1]2+y(n-D)] -7 [n-1]-7 -0
¢,

_q249(n=1D)][n-1]+7*[n—-2]-9*[n—1] - Q

L2249(n=2) =P -D)][249(n=2)] §

5 ;vifuwl
B 2[2+7(n—2)—72(£;—1)][2+7(n—2)] wa
) Vw_u—7[22—;21[%7(71—1)] 1] wa

_ {72[n—1][2®41r7(n—1)]+7[2+7(n—1()1)]2[n—1][1—7]}[al—cf]
B {£+272+7[2—7][§q+)27(n—1)]—273}[n_l]ji(aj_cg)

)

N 2[2+7(n=2)—7*(n—=1)][2+v(n—2)] 3




+ {[2—7][2+7(n—1)12 2-7][24y(n-DJ
2, 1

B }[clffn‘i‘cgf?l]

[1-9][2=7][2+y(n—-1)]
{2

n

N 7[2_7][2(;;7(71—1)] };(C”fflmtcgfm)

- {4249 (n=2) =P (n-D)][245(n=2)]+ 7 [n 1]

v cf fa
—v[2=-7][2+v(n—-1)][n—-1]} = '

20,
(53) and (60) imply:
dowi = ) witwn
i=1 i=2
2ln—1][24+~v(n—1 HUESIR
:wl_ﬁy[ ][ 7( )][al—ccll]‘{’ﬁy[ ] (Ogj_c;'l)
o, R

N : cy fi1 +¢5 for]
1
Y2247 (n=1)] &, 5
_ o, 2 (e hy+ i foy)
j:l
In-1][2+7(n—-1)] 442 1]
= le] = w;+wr P, [al 01}_{_ @, =1
].;, -
J K2

(61)

20



w;

N [2—7][2+7(n—1)]

(e} fi1+¢5 far]

oy

y2=9]2+7(n=1)] <~ ”
- 3, D (S fii+ s fy)

—

B

(42), (60), and (62) imply that for ¢ € {2,...,n}:

(247 (n—-1)]

[al—wl—c‘” +

Q 2Q

29 +9[2-7][24+7(n—-1) Z

2Q

+v3[n—1]—7[2—’y][2+7 (n—1) Z“ w0 —

L [2-91249(n -]

+

2Q

L) fri + ¢ fai]

2Q
’}/[2_7][22;7(71_1)] j;(c?flj‘i‘cgf%)

y[2=7][24+y(n—1)]++?

.{_wi—i-’un—72[n_1H2+7(n_1)]

Q

EERIIEERTUREY] oM

(62)

o1



1+

+

2291249 (-]

+

PEE I IERS U V] PP

_yl2-9[2 4y (n=1)] i(cmﬂgﬁj)}

i=1

JEELUERLIUEEIEL Y

22 2—v][2 n—1)] « o P
ed! 72]5[2+7( )];(aj—cj)_

50 (] fii +c3 fai)

12724 7(n—-1)] ”
70 Z(C1f1j+02f2j)

j=1

Y[2=7][24y(n—-1)]++?
Q
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|:Oél —Ctli] +

,{_v?[n—mzﬂ(n—l)]
D,

2[24+v(n—2) - (n-1)][2+7y(n—2)] ”
- o, Zvicifil

¢ Lol OF gy 4 )
T2-9]24+7(n-1)] & ”
- o, ;(01 fij + ¢ fay) } (63)

(39) implies that the numerator of the term multiplying w; in (63) is:

Q+v[2—7][2+v(n—-1)]++°
= [2=7][247(n=D)][247(n=2)] =P +7[2=7][2+7(n—-1)]+7?

= [2=7][2+7(n=D)][2+7(n=2)+7] = [2=7][2+y(n-1)]".  (64)

(63) and (64) imply that for i € {2,...,n}:

[2=7][2+7(n=1)] w,
D, &
= — 7[24—7(77,—1)] w1+7 Zviwlfil

+ {7[2=7][2+7v(n—=1)]+""}

-{1+72[”_1H2+7(”—1®)]—73[n—1]—72—9

2247 (n—=2)=7*(n—1)][2+7(n—-2)] ivifﬂ} wy

+ o,

+y[2+v(n—1)][an —¢f] + [2_7“227(71_1)] [ — ]

292+ [2—v][2+ -] ¢ ®
2y odl 7]2[ 7 (n )];(aj—c?)——lzvicyfn

23




_7[2_7][2;7(71_1)] (quflj‘{’cngj)

i=1

+ {v[2=7][2+7(n—=1)]+*}

|:Oél —Cf] +

,{_fm—mzﬂ(n—l)]
51

2[2+y(n—-2)—9*(n—-1)][2+7(n—2)] "
- o, Zvicifil

+ [2_’7][2+’y(n_1)]2 [qufn—i-cgfm]

D,
Y[2=7][247(n—1)] <, . ”
_ 5 ]Zl(cl fuj + fQj)}. (65)
Define
Oy = —2[2+7(n—2)=7(n-1)][2+~(n—-2)]; (66)
Oy = y[2—-7][2+7(n—1)]+7". (67)

To simplify the terms involving w; in (65), first observe that (39) and (66) imply:
PIn=1][247(n=1)] =7 [n—1] - -0

=V [n-1]2+7v(n=-1)] =7 [n=1] = [2=7][2+7v(n=1)][2+7(n—2)]

= —2[2+7(n—-2)—"*(n—-1)][2+~v(n—2)] = 5. (68)
Further observe that (60) implies:

Y2=9][24 (= 1)] 47 =y (24 (= 1)+ Y v fa

o4



DN | —

27[2—7][2+7(n—1)}+272—27[2+7(n—1)]+<I>1wau]

1=1

N

{7[2—7][2+7(n—1)}+<1>1Zv¢fu

12 Al 12 (- )] 297 24 [2 4y (n— 1)) }

2

7[2—7][2+7(n—1)]+<1>1sz‘fi1—72[2+7(”—1)]+272

N | —
T 1

7[2—7][2+7(n—1)]+®12vifﬂ—73[71—1]]

1=1

N | —
T 1

2 2

= % —¢1+@1Z%‘fi1] = _%ll_zvifill-

1=1 i=1

(66), (68), and (69) imply that the terms involving w; in (65) are:

2

)
—7[2—|—7(n—1)]w1+71 z:lviwlfil

+ {7v[2=7][2+7v(n—-1)]+*}

'{1+72[”‘1H2+7("—1)]—73[71—1]—72—9
1

N 2[2+v<n—2>—v?(q)nl—1>u2+v<n—2” waﬂ} w

2
)
—’7[2“‘7(”_1)]“}14‘71 Z:inlfil

=1

2
d o
1+ 22 Uifil]wl
1

+ {7v[2-7][2+7v(n—=1)]+~} 5, @

1=

2
)
—’7[2“"7(”_1)]“}14‘71 ;inlfil

& 2
1+(§ (1—Zvifz‘1>]w1

i=1

+ {7[2=7]2+7v(n—=1)]+~}




=~y r(n=Dlu+ {312 =91 249 (= D]+t b+ Y v fo

1=1

+ {v[2=7][2+y(n—-1)]+~} %j ll_zvifﬂ]wl-

(67) and (69) imply that (70) can be written as:

2
o
—7[2+7(n—1)]w1+71 sz‘wlfﬂ

=1

+ {v[2=7][2+7(n—-1)]+*}

'{1+V“”—1H?+ﬂn—1n—vﬂn—u—va4z

_ %
2

2
1 —Zvifﬂ] w1
i—1

@
Il
—

+ {v[2=7][2+7(n—=1)]+*} %’ [1—‘ Uifil]wl

_ %
- 2

2
1 —Zvifz'l
i—1

o 2
wq +@4(}ﬁ3 [1 - Zvifﬂ] wq
! i=1
: b, O
O U N T
[z [ -] -
(71) implies that (65) can be written as:

[2—7][2+7(n—1)]" w,
2 by B,
= @4 [1—;%]}1] {31—2—@4] wy

+y[24v(n—1)][oq —cf] + [2_7][24_27(71_1)] [ — ]




292 +7[2-7][2+7y(n-1) P "
- B Z Z:lvicifil

L, 2=9124 (=)

[l fri + ¢ fai]

2
21247 (n-1)] &, v
- 5 ;(C1f1j+02f2j)

+ {7[2=7][2+7v(n—=1)]+""}

_{_vﬂn—ﬂﬁ+vﬁwﬂﬂ
D,

_22ty(n=2) = (o D)2 (=] g

n 2—7][2+y(n-1)] [ fi 4 2 fo

O
Y2247 (n=1)] &, ”
- o, ;(Cl Jij + ¢ f2j)}' (72)

Now we simplify the coefficient on w; in (61). First consider the terms with ®; in the
denominator. (39) implies:

P n=1][2+9(n=D] =9 [n=1]=* -0

I

+2[2+’y(n—2)_72<q)nl_1)][2+’y (n—2) ZU I

{1 n=1]2+7(n-1)]=7[n—1]-[2=7][2+7v(n=1)][2+7(n—2)]

+2[24+9(n-2)—7*(n-1)][2+7(n—2) va }

— {7 In—1][247(n—1)=7]-[2=7][2+r(n—1)][2+ 7 (n—2)]

+2[249(n-2)—7*(n-1)][2+7(n—2 va }

57



i{72[n—1][2+7(n—2)]—[2—7][2+’V(n—1)][2+7(n—2)]

+2[24y(n=2) = (n=1)][24+7(n—=2)] D v fa}

%{[72(n—1)—(2—7)(2—1—7[71—1])}[2+’Y(”_2)]

2

+2[247(n=2)=7(n-1)][2+7(n-2)] sz‘fz‘l}

—2+7(£7:_2]{72[71—1}—[2—7][2+7(n—1)]
+2[249(n—-2)=4*(n—1) va}
2+vgf—2_]{272[71—1]—72[n—1]—[2—7][2+7(n—1)}
+2[2+V(n—2)—72<n_1”ivifil}
%7:_2]{272[71—1]—72[n—1]—2[2+7(n—1)]+7[2+V(n—1)]
+2[2+7(n—2)—7*(n—1) val
2*%’:_2]{272[71_1]—72[71—1]—2[2+7(n—1)]+27+v2[n—1]
+2[2+7<n—2>—72<n—1>}iwfu}
—Hg?_z]{[272(71—1)—2(2+v[n—1])+2ﬂ
+2[2+y(n—-2)—9*(n—-1) val
22 o (- 1) = (29 [n=11) 1]

28



The last equality in (73) reflects (66).

Now consider the terms with @5 in the denominator that multiply w; in (61).

(66) imply:

1[247(n=-D)][n-1]+*[n-2]-7[n—-1]-Q
;

2[2+v(n—=2)=*(n—1)][24+7(n—2)
- (I)z ZUZle

Pln—-1]—y[2—7][2+7(n—1)] &
_ 2(1)2 [n—l] Zvifﬂ

12+y(n=D)]n—1]+7[n—-2] -7 [n-1] -0
o,

q)g (n—l)CI)l 2
+ @2_ 2®2 ;szzl-

(39) and (60) imply:
y[2+y(n=-1)][n-1]+7*[n-2]=7*[n-1]-Q
= v[2+v(n-1)][n=1]+9"[n—-2]—~*[n—1]
—[2=9][2+v(n-1)][2+7(n—2)]+7°
= 7[2+7(n-1)][n=1]+*[n—1] =+ = 9*[n—1]

— [2=912+ 7 (n=D)] (247 (n=2)] +7°

(60) and

(74)
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= y[2+y(n=1)][n=1]+7*[n—1]=~*[n-1]
- [2=7][2+y(n=-1D)][2+7(n-2)]

= y[247(n—=1)][n—1]+~*[n—1][1—7]

(74) and (75) imply:

y[249(n=D)][n—1]++*[n-2]-7[n—-1] - Q

2[24+9(n=2) =9 (n—=1)][2+7(n—2)] Z'Uifil

VIn—1]—v[2=7][2+7(n—1)] [n—1] sz‘fﬂ

2%, i=1

[(L=v]y[n—1][247(n=1)]+® {cbg <n—1)<1>112%ﬁ1

= D, d, 2, —1
:[1—mm—mijv<n—1>1+q’z+[2@3—;g;”‘1’1]zm. (76)

Observe that:

[1—7]y[n—1][2+7(n—-1)]+ P _ _[2(133—(?1—1)@1}
e 2P,
< [1—=9]lyn—=1][24+9(n—=1)]4+ Py = _[2@3—(3—1)@1}

60



& 2[1—9]y[n=1][24+7(n—1)]4+2P; = —2P3+[n—-1]P

S 2[1—9]y[n=1][24+7(n—1)]+2P3+2P3—[n—1]P; = 0. (77)

(77) holds because (60) and (66) imply:
2[1—~]y[n—1][247(n—1)] 428, + 23— [n—1] &,
= 2[1—q]y[n-1]2+y(n-1)]+2[2—7][2+7(n-1)] =27*[n - 1][1 - 7]
—4[2+9(n=2)=7*(n-1)][2+7(n—2)]
+2[n—1]y[2+v(n—-2)—~*(n—-1)]. (78)
The last term in (78) holds because, from (60):
—[n=1]® = =’ [n—1"+7[2—7][n—-1][2+7(n—1)]
= yln—11{[2=7][2+7(n-1)] =7 [n—1]}
= y[n—-1]{4+2v[n—-1]-2y-24*[n—1]}

yin—1]{4+2v[n-2]-2+*[n—-1]}

= 2[n—1]7[24+7(n—-2)—7*(n—-1)]. (79)

Observe that the sum of the last two terms in (78) is:

2[n—1]7[24+7(n=2)=7*(n—-1)] —4[2+7(n—-2) =+ (n—=1)][2+~v(n—2)]

= [2+7(n=-2)-7" (n-1)][27(n—1)—4(2+y[n—2])].

Therefore, (78) and (79) imply:

2[1—y]y[n—1][247(n—1)]+ 2Py +2P5 — [n—1]®,

= 2[1—7]y[n—-1]2+7(n=1)]+2[2=7]*[24+7(n—1)] =27 [n—1][1 =]
+[2(n=1)y—42+~y[n-2])][2+7(n—-2) =" (n—1)]

= 2[1—v]y[n—1][2+y(n—1) =] +2[2=7][2+7(n—1)]
+[2(n=1)y=4(2+v[n-2D)][2+7(n-2) =7 (n-1)]

= 2[1-7]y[n—1][2+7y(n-2)]+2[2=7]"[2+7(n—1)]

+ [2(n—1)y—4(2+7[n—-2])][247(n—=2) =~ (n—1)] .



= 2[1—7]y[n—1][24+v(n=2)]+2[2=~[2+7(n—1)]
+ [2(n—=1)y—4(2+y[n—=1]=7)][2+7(n—2) =~ (n—1)]

= 2[1—9]y[n—1][2+7v(n-2)]+2[2—7]*[24+7(n—1)]

)
+[2(n—-1)y=4(2+7y[n-1]=7)][2+7(n—-2)]
—[2(n=1)y=42+7y[n—-1]=7)]*[n 1]
= 2[1—9]y[n—-1][2+7(n=-2)]+2[2=7]*[2+7(n—1)]
F=2(n=1)y—4(2=7)][2+7(n—2)]
—[2(n=1)y=4(2+7y[n—1]=7)]+*[n—-1]
= [2(1=-7y)y(n—-1)=2(n—-1)y—=4(2=7)][2+v(n—2)]
— [2(n=1)7=4(2+y[n-1]=7)]¥[n—=1]+2[2= 7] [2+7(n—1)]
= [~27(n-1) = 4(2=7)] [247(n—2)]
— [2(n-1)y—4(2+7[n=1]=-]’[n=1]+2[2=7)[24+7(n—-1)]
= [~2%(n=1) = 4(2=7)][247(n—2)]
— [2(n=1)7v=4(2+7[n—-2])] [n—1]+2[2— 7 [2+7(n—1)]
= [-27"(n—1)=4(2=7)][2+v(n—=2)]+4[2+v(n—2)]7*[n—1]
2= [n—1]+2[2=7[24+7(n—1)]
= [-27°(n=1)=4(2-7)+47*(n—1)][2+7(n—2)]
—[2(n=1)7]¥ [n—1]+2[2 =7 [2+7(n—1)]
= [277(n—1)=4(2—v)][2+~(n~-2)]
—[2(n=1)7][n—1]+2[2=7][2+7(n—1)]
= [27°(n—-1)—4(2-7)][2-7+7(n—1)]
—[2(n=1)7]Y [n—1]+2[2 =7 [2+7(n—1)]
= 2(n-D]2=y+y(n-1)]-4[2—7]—4[2—7]y[n 1]

— [2(n=1)y]?[n—1]+4[2 =y +2[2—7]*y[n—1]
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(292 (n=1)][2=y+7(n—1)]=4[2—7]y[n—1]
—[2(n=1)7]7?[n—1]+2[2— 7] v[n—1]
[ J+2[(2=7)*=2(2=7) =7 (n—-1)]v[n—1]
27’ [n—1][2=v+y(n-1)]+2[(2-7)(2-7-2) =7 (n—-1)]y[n 1]
27 [n=1][2=7+y(n-1)]=27[2 =7+ (n—-1)]y[n—1]
] )

P n-1][2=y+7(n=1)] =24 [n—1][2=7+7(n—1)] = 0. (80)

292 [n—1][2—~v+~(n—1)

(76), (77), and (80) imply:

124y (n=1)][n-1]+72[n=2] = [n—1] - ©

2[24+9(n=2) =7 (n—1)][2+~(n—2)] Z'Uifil

Yin—1]-v[2—7][2+~(n—-1)]
_ 2(1)2 [n—l] Zvifil

- 2%—522—1 Hl_zvf] (81)

(73) and (81) imply that the coefficient on w; in (61) can be written as:

Pla=1][247(n=1)] =P [n—1] =7~

N 2[2+9(n=2)=79*(n=1)][2+7(n—-2)] Z'Uifil

Y[24+y(n—-1)][n—1]4+7*[n—-2]-~[n—-1]-Q

2249 (n=2) =9 (n = D][24y(n=2)] o

Yin—1]-y[2-7][2+~v(n—1)]
—_ 2(1)2 [n—l] Z%‘fﬂ
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2 - 2P5 —(n—1) P | 2

=3 1—;2&'}21] _{ 2 ®, l [1—;1}”%1]
o

L [ )
=1 _

(61) and (82) imply:

O3 203—(n—1)P
(I)1 QCI)Q

[n-1][247(n=1)] y[2+7(n=1)][n—1][1-1] /
— {7 <1>17 +2 . d, W}M_CI]

n

- {%1+27 +7[2—7][§$27(n—1)]_27 }[n—l]Z(%’_Cg)

i=1

MESLIIERLTCRSS] i o

Q=G
29, i=2

N 2[2+’v(n—2)—72(¢?”1—1)][2+7(n—2)] S it fi

+.{m—vutggn—lnﬂ_m—vuzgjw~aﬂ2}mqn+¢ﬁﬂ
[1-7][2=1][2+7(n=1)]

+{ L

n

n 7[2—7][2(1)":7(”_1)] } ;(qufuﬂLCgfm)

—{4[2+v(n=2)=(n-1)][2+7(n=2)]+7*[n - 1]

i v; ¢ fin
— 2=z 4y (= 1) =11} S

(83)
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The first and third terms to the right of the equality in (83) can be written as:

“[n=1][24+v(n—1)] ~y[2+v(n—1)][n—1][1—~] q
{7 5 LR : }[al_cd
#L2oallzyins D)) > (0= f)
‘[n—1][24+~9(n—1)]  y[2+y(n—1)][n—1][1 1] q
B {7 5 e, ; }[al_cd
2—7]2+7(n=1)]" < o, 2=+ (n—1)) q
2D, ;(O‘i_ci)+ 2D, (o1 —¢f]
INEEEICESTEEEO o
2 d, !
[n=1][24+~(n—-1)]  y[2+y(n—-1)][n—1][1 1] q
B {7 5 e, ; }[al_cd

2—~][2 n—1) <& 4 2—~][2 n—1)J 4
[2 7] 2+<I>Z( )] Z(ai—ci)—[ gall ;@72( )] lon — ]

_ {72[n—1][2+7(n—1)]+7[2+7(n—1)][n—1][1—7]
b, D,

Yn—1] 2y[n—1][1-v]-[2=7][2+y(n—1)]
{ P, * 2P, }

S e ]}




(83) and (84) imply:

oy 2®,

{@3 2<I>3—(n—1)<1>1}

2
1 —Zvifﬂ] w1
i—1

= [247(n—1)][a1— ]

_{72[n—1]+27[%—1][1—7]—[2—7][2+7(n—1)]}

q)l 2 @2

o, 2P,

2024+ (n=2) = (n-1)][2+7(n-2)] <~ .
o, Z'Uicifil

+

+{[2—7H2+7(n—1)]2 271247 (n-1)P
2(132 <I)1

- }[C?f11+03f21]

[1—7][2=7][24+~v(n—-1)]
+{ L

n

+ 7[2_7][2(1:7(71_1)] } ;(qufu-i—cgf%)

—{4[2+v(n—=2) = (n-1)][2+7(n=2)]+7*[n - 1]

.iUiqufu
- y[2=7][2+y(n—-1)][n—-1]} 1112% :

(60), (66), (67), and (85) imply:
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V[n-1] 2y[n—-1][1—y]-[2—7][2+v(n—1)]
{ , i 2P, }

g R T S oo
N {[2—7][2;;2(71—1)] [2—7][2;17(”_1)] }[c¥f11+c§‘f21]

[1—v][2=9][2+v(n—-1)]
+{ N
. (¢} fri +c3 fai)

N 7[2—7][2+7(n—1)]}

I

2
Zvid;fu
+ (28, — B, (n—1)] =L
(205 = @1 (n—1)] =50

= [247(n—1)][a1— ]

Yn—1] 2y[n—1][1-9]-[2-7][2+7y(n—1)]
{ O - 2P, }

[2—7][24+~v(n—1)]" ~*[n—1]
+{ 50, o,

- [<1>4+72(12—q)227)][n—1] }zn:(aj_cf) —~ %i’ va?fﬂ

b leal2 e (- DF | g - g | (e fu b ¢

n

N {[1—7][2—7][%7(”—1)] +7[2—7H2+7(n—1)] }Z(cﬁ‘fﬁc&fzi)

=1
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= [24v(n—-1)] [al—cﬂ

V[n—1] 29[n—1][1-9]-[2-7][2+7(n—1)]
{ & 2P, }

2 (I)Q cI)l

+{[2—7H2+7(n—1)]2 70 —1]

n

By+~2(1—2 n—1 .
B ILES N ST

j=1

N [2(1)3_(131(71—1) _%} va?fﬂ

11
b l2=al2 e (= DF | g - o | [ fu ¢
b=z - 0] | 2EET L IS e s o ). (56)

(67) implies:

O+ [1-27] = v[2=7][2+7(n—1)]+7* +*[1—-27]

= y[2—-7][2+7(n=1)]+27*[1 —7]. (87)
87) implies that the coefficient on a; —c?) in (86) is:
o J J
J =

[2-7][2+7(n =1 P[n—1] [®4+7°(1-27)][n—1]

2(132 (I)l 2(1)2
_ 22y (=) —[@a (1 -27)][n—1] AP [n—1]
2(1)2 (I)l
_ 224y (=) —y[2-9][2+7(n-1)][n—1] =29 [1 —7][n - 1]
2,
P n—1]
o,

_ 2=Al24y(n-1)][24+y(n—1)—v(n—-1)]-29*[1—7][n—1] ~’[n—1]
2 (I)Q (I)l
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[2—7][2+7(n—=1)]=*[1—=7][n—1] ~*[n—1]

_ o - (88)
(86) and (88) imply:
ERH T
= (249 (n—1)][a — ]
FEICIRE SIS SISy
- {[2—7][2+7(n—1(132]—72[1—7][71—1]_73[7;)1—1]};1(%—4?)
QUSSR
b l2=al2 e (= DF | g - o | (e fu ¢
s 2=tz -] [ A e ]S (@ s i) )
Definition. ¥ = {%—2%_;2;1)@1] [1—iivz-fﬂ]. (90)
(89) implies that if ¥ % 0:
w — 2+7£Ijn—1] g —¢f]

YIn—1] 2y[n—1][1-y]=[2—=7][2+~v(n—1)]
{ D, * 2, }

1 [[2=7][247(n=1)]=*[1—=7][n—1] ~F[n—-1]) ¢ J
+E{ o, - D, } (aj— )

2

- + Z%‘C?fﬂ

L= > v fa =1

=1
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[2_7][2+q/7(n—1)] { 1 i}[c’ffn+c§‘f21]

+ 20, @,

2—~l[24+~v(n—1)][2(1— SN "
—l-[ ull \117< )][ (2¢27>+%:|;(01f1i+02f2i).

20, By By — Dy D2
2@2@3-2@3@1—’—[%—1]@% '

Definition. ¢ =

Observe that:

¢4[%_ﬂ} Pydy _ By 2Py P3—¢F

P11 204 o P 2 o 23,

D3 2®3—[n—1]®1 = 2838328381 +[n—1]82 = 285 B3 —2D3 By +[n—1]?
<I>1 2(192 2@1 sz 2(I>l ¢'2

B 2By By by — By B2 B
T 23,0, 2050, + (n—1]02 T

(60) implies:
O = P n—1]+ [y -27][2+7(n—1)]

= VP n—1]+2v"+¥[n—-1]—4y—-2+*[n—1]
=27’ [n—1]-29*[n-2] -4y = 27[¥*(n—-1)—v(n—2) 2]
= —27[247(n-2)-7*(n—-1)].

To simplify the denominator of ¢ in (92), observe that (66) and (94) imply:

—2®3P; +[n—1]9]

= =872+ (n-2)][2+7(n=2) =" (n=1)]"

+4[n—1]72[2—1—7(71—2)—72(71—1)]2

= [24+7(n=2)=7(n=1)] {4[n—1]7Y =87[2+7(n—2)]}
= [249(n=2) = (n-)] {4[n-1]7*-8y[2—v+7(n—1)]}
= [2+7(n=2)=7(n=1)]" [47*(n=1) =8> (n—1) =87 (2—7)]

= [247(n—2) =7 (n—1)]"[-472(n—1) —8~(2—7)]

(91)

(92)

(93)

(94)
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= —4y[y(n-1)+2(2-9)][24+7(n-2) - (n-1)]". (95)
(60), (66), and (95) imply that the denominator of ¢ in (92) can be written as:

20, D3 —2P3P; +[n— 1] 3

= —4{[2-7"[2+7(n-1)]=~*[n—1][1—~]}

[2+7(n=-2) =7 (n-1)][2+7(n—-2)]

—dy[y(n—1)+2(2-7)][2+7(n—2)—*(n—-1)]’

= —4[24+7(n-2)—7*(n—1)]
{2 P 2+y(n=D][2+7(n=2)] =7 [n—1][1=7][2+7(n—2)]
tylv(n=1)+2(2=9)][2+7v(n=-2) =7 (n-1)]}.  (96)
(60), (66), (67), and (94) imply that the numerator of ¢ in (92) can be written as:
25, By By — By D3
= —4[2+7(n—-2)=+¥(n=-1)][2+7(n—2)]
{22+ (=)= n=1][1 =7} {r[2=7][2+7(n=1)]+*}
— 42247 (n-2) =~ (n—1)]

{12=7P 247 (n—1)] =y’ [n—1][1—~]}. (97)

(60), (67), (94), (96), and (97) imply that after cancelingout —4[2+~v(n—2) —4?(n—1)],

the common term in the numerator and denominator of ¢, ¢ can be written as:

o = 2 (98)

2
where:

¢ = [24+7(n—-2)]
AR=ATR2+v(n=-1D)] = [n=1][1 =7} {7y [2=7]2+7(n-1)]+7}
+77[2+v(n=2) = (n=1)]{[2=7P[2+7(n—=1)] =¥ [n—1][1 -]}
= {[2—7[2+7(n—1)] = [n—1][1—~]}

{247 (n=2)][v(2=7)(2+~[n—1]) +7°] .



+ ¥ [24v(n—2)—"*(n—-1)]}

- 2 24 (n-2)]e - 230 ], (99)

[2=7P[2+7(n=1)][2+7(n=2)]=7"[n—=1][1=7][2+7(n—2)]

P2
+ylv(n—1)+2(2=7)][2+7(n=2)=7*(n—1)]

{2=7P2+7(n=1)]=[n-1][1-7]}[2+7(n—2)]

Falrn=1)2(2=7)][247(n=2) =7 (n—1)]
= (247 (n=2)]@— [y(n-1)+2(2-7)] 2 (100)

Using (83) to derive an expression for w;, then substituting this expression into (72),

using (92) and (93), implies that for i € {2,...,n}:

[2—7][2+7(n—1)]" w,

LS TUES RSN o)

Pn=1][2 47 (n-1)]
o - +

n

_90{7—3+272+7[2—7H2+7(”_1)]_273}[n—l}Z(%—C?)

®, 2, ~
272+ (n-1)] { d
e T > (ai=d)

. ¢2[2+7(n—2)—722)71—1)][2+7(n_2>] ivicgfn

w{ [2_””2;;2(”_1” - [2_””2;17("_1” }[ci‘fnJrcé‘le]

+so{ [1—7][2—711)[22+7(n—1)]

n

s ey > (el it o )

—e{d4[2+7(n-2)=P(n—-1)][24+v(n=2)]++*[n—1]
o



'ivicgfil
- v[2=7][2+7v(n=1)][n—-1]} 1212(1)2

2—7][2+y(n-1)]
2

Fy(2 4y (n=1)] [or — ] + [0 =]

7

272 +7[2 -] [2+7(n—1)] ”( NI
_ a<—c~)—— Uicifil
2 jz_:l T 2 Zl

L 2oal24y (- )P

[} fri + ¢4 fai ]

9
T[2=7][247(n—1)] <, . "
- 5 j;(clflj+c2f2j)

+ {7[2=7][2+7v(n—=1)]+~*}

_{_72[n—1][2+7(n—1)]

[Oél —Ccll} +

2(2 47 (n—2) — 22 (n—1)][2 4 (n—2)] ivicyfﬂ

(I)l 1=1 l
N [2—7][227(71—1)]2 [ fy +  for]
Y[2=7][247(n—-1)] <, . "
_ 5 jzl(cl fij + ¢ f2j)}. (101)

Observe that the first and third terms to the right of the equality in (101) can be written
as:

@{v )2 eytn=1)] | yl2ey(n—t]in=d]1oy } [on— ]
p o LRI UE 5 o)
_ @{7 o 1)(24(n=1)] 5[4 (n = Dlln 1)1 =) } o1 — ]
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2o0l2n =D s~ (2ol

Tt 29, Pyt 20, mTa
2—7][2+y(n-1)] q
_ 2%, a1 —¢f]
_ @{7 [n—l][iirv(n—l)]+7[2+7(n—1é]2[n—1][1—7]}[&1_66”
[2-9][2+y(n-1)]" ¢ d [2—7][2+7(n—-1)] d
+ ¢ i 2;2 ;(ai—ci)_(p 7 2;2 [ar — ]
_ P24y (n=1)]  v[2+y(n—1)][n—1][1—7]
- “0{ 2, i 2,
_W—VH%FMH—UF}PM_&]
20, !
I S
= ¢[2+9(n-1)][ar — ]
VIn—1] 2y[n—1][1-v]-[2—7][2+7(n—1)]
{ d, * 2P, }
_i_(p[Q—VHQ;@z(n—l)] Z(ai_cg)_ (102)
(101) and (102) imply that for i € {2,...,n}:
[2=7][2+7(n—=1)]" w,
= ¢[2+7(n—1)][ar ]
VIn—1] 2y[n—1][1—v]-[2—7][2+7(n—1)]
{ @y " 20, }
I S
—90{%1+27 +ﬂ2_ﬂ[§;§;(n_l)]_27 }[n—l]Z(aj—C?)
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pp22Hr(no2) R DIy (=) gy

®y

w{ 2oalzeain=DE_2oallzesin= D) }[c%f11+cgf21]

+<p{ [1—7][2—7é[22+7(n—1)]

n

n 7[2—7][2(;7(”_1)] } ;(qufuvLCgfzi)

— {4247 (n-2)=-P(n-1)][24+~v(n=2)]++*[n—1]

Aivicgfil
- 7292+ (n=1)][n-1]} =5
b2y (n-1)][a - o]+ BEEIC D
2y ol e (Dl o) - B S,
[2_7”2_‘_27(”_1)] [} fri + 5 fai]
T2=9]24+7(n—-1)] & .
- 5 ;(C1flj+c2f2j)
+ {v[2=7][2+7v(n-1)]+~*}
VIn—1][2+v(n—-1)] Pln-1] ¢
.{_ 3, [al—c‘f]+ o, j:1(a]—c§l)

2[24+7(n—2) = (n-1)][2+7(n-2)] <~ .
- o, Zvicifil

2zt

[ef fu1 + ¢y far ]
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Y[2=7][247(n—-1)] <, . ”
— T, ;(01 Jij f2j)}' (103)

(67) implies that the coefficient of [ — ¢f] in (103) is:

@[2+7(n_1)]{v2[$1—1] +27[”_1H1—7]—2[52—7][2+7(n—1)]}

n—1][24+v(n—-1)]

+9(247(n-1)] - (3[2-7][247(n=1)] 497} T

Py
~ [2+7(n-1)]
SPELE TS RIS is e
—{vm-vuz+7u%_n]+f}”qgfl]}
= [2+7(n=-1)]
.{sp 27[71—1][1—7]—2[52—7][2+7(n—1)] y
+{p=r(2-qllz4a(n-1] -y T
- [2+7(n-1)]
{oalnmtlionl-Roo)eanob)) P llem )

(67) implies that the coefficient of > (o — ¢ ) in (103) is:
i=1

[2—7][2+~(n—1) —90{ gl 272+7[2—7H2+7(n_1)]_273}[n—l]

14 2 ®, +

oy 2 ®,

2+ 2] [2+y(n—-1) 7 [n—1]

2y (- 1))+

2 D,
2924 9(n=1) P [n—1]
- ¥ 2 ®, YT g,
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o2l +v[2—9][2+y(n=1)]}[n—1]
v 2B,

_ 22 -g][24(n-1)] | @49 [n—1]
2 O

[2—7][2+~(n—1)F _ 12 ol y[2=gl2 4y (n = 1)1} [n - 1]

2@2 2<I>2
P =1l =24 29 +7[2—9][2+y(n—1)]
(I)l 2
o 2=Al24v (=D =292 [1—7][n—1]=y[2=7][2+7(n—=1)][n—1]
-7 2 B,
P n=1lle=2] 29 +9[2—9][2+7(n-1)]
D, 2
o 2eAJl2Hy(e=D)J2+y(n=1)=y(n—=1)] =29*[1 = 9][n—1]
-7 2 ®,
P n=1lle=2] 29 +7[2—9][2+7(n-1)]
) 2
_ S0[2—7][2+7(n—1)]—’y2[1—7][n—1]_73[71—1][@—@4]_<1>4+72
D, D, 2

(105)

2
(66) and (67) imply that the coefficient of > v; ¢} fi1 in (103) is:
i=1

(p2[2+7(n—2)—72(n—1)][2+7(n—2)]_g
CI)l 2

—5{4[2+’V(n—2)—72(n—1)} [2+7(n—2)]+7*[n— 1]

—v[2=7][24+7(n—-1)][n—1]}

2+7(n=2)—7*(n=1)][2+7(n—2)]
Py

{22y (n-1) 12}

o3 Dy ¥ 3 2 3
S B N S G 1Py [2 -] ]2 D) [n—1] 4+ By
& 2%{ st [n—1 =v[2=7][2+~y(n—-1)][n—1]}+ 13,

¢; D ' 3 2 2 U8
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3 2 2
(67) implies that the coefficient of [ ¢} fi1 + ¢4 fo1] in (103) is:

g0{[2—71[2+7<n—m2 [2—71[2+7<n—1>12}

2 (I)g (I)l

+ {7[2—7][2+7(n—1)]+72} [2—7][2-;17(n—1)]

U1 (] ) BRI RS LR IR

= [2—7][2+7(n—1)]2[w(%{b—%)+%}. (107)

(67) implies that the coefficient of > (¢} f1; + ¢4 fo; ) in (103) is:
i=1

[1=7][2=7][24+v(n=1)] ~[2=7][2+7(n—-1)]
@{ d, * P, }

_v2—9][2+y(n-1)

= z-qllzean-D] o (2 ) - 2- 2. (108)

(103) — (108) imply that for i € {2,...,n}:

[2—=7][2+7(n—1)]* w

= [249(n—-1)] [al—cﬂ

_{(p27[”—1][1—7]—2[(;2—7][2+7(”—1)] +7+72[n—1q11[90—<1>4]}

n
+ Z(Ozz—cf)
=1

_{(p 2=7][24+7(n=1)]=?[1=9][n=1] ’[n—1][p— P4] _<I>4+72}
@2 (1)1 2




+ZU10 fﬂ{@g @4—80]_%_80[—2@34-’}/ (n—12)q)2—(q)4—’)/ )(n—l)]}

+[ﬁﬁi+@fﬁH2—7H2+7(n—1ﬂ2{¢[gég_éz}+%f}

[2-7][2+7(n—-D)] [} fri +c5 fai

* 2
I SETIRE SIERERRTERENI? P B R Y
p ol oD, gy, (109)

2

Dividing all terms in (109) by [2 —v][2 4+~ (n — 1)]? implies that for i € {2, ...,n}:

w = ! [y — ]
2=+ v(e-D)) T
.{w27[%—1][1—7]—2[§2—7][2+7(n—1)]+7+72[n—1q11[90—<1>4]}
1 - d
oo r =)
{ 2=9][24+7(n=1)]=?[1=9][n=1] *[n—-1][p— P4] <I>4+7}
7 o, o, 2

+ 1 Z v i fa

[2—=7][2+7(n

, <I>3[<I>4—so]_g_<p[—2@3+v3(n—1)2—(<I>4—72)(n—1)}
d, 2 2P,

+ [ fu1 + ¢ for] { (T{)Z——>+%ﬂ+ %[C?fu-i-cgf%]

- -y v 7 1® a; — ¢
Z ¢y fii + ¢y fai) [ ( o, +al>—§— (1)14 t— (110)

=1

+2+7 n—1]
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II. Price Competition

Now consider the setting where downstream firms compete on price.

Summing (2) for all firms provides:

Z%’—Z%—VZZ%—ZM =0

i=1 i=1 i=1j=1 i=1
J#1
& D> = g—v[n—1]> a-> p =0
i=1 i=1 i=1 i=1
& ozl-—qi—pz-—l—Zozj—qu—v[n—l]qi—y[n—l]qu—ij = 0. (111)
e e

(2) and (111) imply:

’YZQJ"‘ZO‘J qu—’yn—l] v[n—1] qu ij =

j=1 j=1 j=1 j=1 j=1
A i i i i
& ln-1]g = > (aj—p;)—[1+7(n-2) qu (112)
j=1 j=1
i i

(2) and (112) imply that for i =1,...,n

v[n—1]g = Z( j—pj>—[1+v<n—2>]§[ai—qi—piJ

Y j=1
J#i
(:*[V(H_l)_J_V(n_w]q’:%VZ( pi)—(1+7y[n—2]) (e —p;)
i
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(o= p (147 (n=2)]=7 3 (o, - p,)
« G£i
T T3] (n—1)] ' _—

(113) identifies Di’s output, given prices (p;, p_;)-

A. Vertical Separation. No downstream supplier is integrated with any upstream supplier.

(4) implies that firm 4’s profit is:

i=1

mi(piP-i) = [pi—aila; (114)
where ¢ is specified in (113).
Differentiating (114) with respect to p;, using (113), provides:
(o= [1+7(n=2)]=7 3 (o, - p,)
J#i Cry(m=2)pi—al _
[1=7][1+7(n—1)] [1=7][1+~v(n—-1)]
& [Oéi—pi][lJrv(n—?)]—vZ(Oéj—pj) = [1+v(n—=2)][pi — ]
%
& [ai+ci][1+7(n—2)]—7Z(Oéj—pj) = 2[1+v(n-2)]p;
1%
1 2 (o= )
o = %[“i“ﬂ—zﬁfﬂn_g)y (115)
(115) implies:
2[4y (n=2)lp = [T+ (n=2)][i+a] =7 as+7 ) P
TR
= Yon = Zl+a=2ln- s [y (n=2)][etal+ e, (119

i=1
i J#i

Summing (115) for all firms provides:
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= P+ij [ai+ ]+ Z GG T ST a2y (P
375 175
y[n—1] = v[n—1]
- 2[1+’y(n—2)]jzzl j+2[1+7 (n—2 ij
i
v[n—1] 1 v[n—1] 1
- ! 2[1+7(n—2)]}p [5 2[1+v<n—2>]}“ﬁ§°’

= {2[1+v(n=2)]=v[n—-1]}p = {1+7y[n-2]-v[n—-1]} o

+[1+y(n=2)]c+{1+~y[n—2]—v[n—1] Za]

J#

+ [1+7(n—2)]zcg+ {v[n=1]=-2[1+~7(n—-2) }ij
%# J#

Observe that:

2[1+y(n—=2)]—~v[n—-1] = 24+2yn—4y—yn+vy = 2+y[n—3];and

Il+y[n—=2]—v[n—-1] = 1—7.
(116), (117), and (118) imply:

2+~ (n=3)]p

(117)

(118)
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= [1—=v]ai+ [1+7(n-2 Z% [14+y(n=2)]) ¢

— [247(n=3)]] (147 (n=2)]p = [1+7(n=2)] a@+cz+ZaJ

= [2+7(n—3)]{H%[Hv(n—?)]}pi
_ {1—v+%[2+v<n—3m1+v<n—2>1}ai

+[1+v(n—-2)] {1—1—%(24—7[71—3])}01

+[1—-y—-2—-¥ ZO‘J [1+~y(n—-2 ch

J#z ]fz
= %[2+’y(n—3)][7—1—2—1—27(”_2)]%’
_ %{y—y2+[2+v(n—3)][1+7 n—2)]}a;

+—[1+y(n=2)][v+2+7(n-3)]¢

2 |

—[14+7(n=2)]> aj+[1+7(n-2) Zc]
=1
%#i J#Z
Observe that:
Y= 24y (n=3)][1+7(n-2)]

= 7—72+2+27n—47+7n—37+72[n2—5n+6]

= 2+37n—67+yzhf—5n+5]::2+37[n—2]+7qﬁ2—5n+5y

(119) and (120) imply:

1
[2+7(n=3)][2+7(2n=3)]

DPi =

(119)

(120)
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: {{2+37[n—2]+72[n2—5n+5] } ai—'y[l—l-’y(n—Q)]Zozj

i=1
J#i

+[1+7(n—2)][2+7(n—2)]c,-+7[1+7<n—2)]zn:1cj}. (121)
J#i
Observe that:
[1+7(n=2)][247(n=2)]-[2+7(n=3)][2+7(2n—3)]
= 24 9y[n—2]4+2y[n—-2]+9*[n—2]" —4—27[2n — 3]
—279[n—3]-~*[2n—3][n - 3]
= —2+437[n—-2]-27[3n—6]++*[n*—4n+4—-2n*+9n—9]
= —2-3yn+67—7*[n*—5n+5]
(122)

— —2-3y[n-2]—72[n?—5n+5].
(121) and (122) imply:

1
AT ey (n-3)2+ 4 (2n-3)]

: {{2+37[n—2]+72[n2—5n+5]}ai—7[1+7(n—2)]2aj
i

n

- [2+3’7(n—2)+72(n2—5n+5)]ci+7[1+7(n—2)]20j}. (123)

j=1
J#
(113) implies:
¥ 1 -2
Opi [T=7][1+~y(n-1)]
(114) implies that Di’s profit-maximizing price is determined by:
aq; aq;
=G|l o-+q =0 & ¢ = —[p—a] - 125
[p C]apl.*% ¢ [p 0]api (125)
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(123), (124), and (125) imply that fori =1,...,n

. L+7y[n—2]
T AT (D24 (n-3)][2+7(2n—3)]

-{[2+37(n—2)+72(n2—5n+5” ai—’y[l—l—’y(n—Z)]Zaj
i7i
- [2+37(n—2)+72(n2—5n+5)}ci+7[1+7(n—2)]zcj}. (126)

j=1

J#i
B. Vertical Integration. D1 and Ul are vertically integrated.
(114) implies that unintegrated downstream firm Di’s problem is:
Maximize 7;(p;,p—;) = [pi—wi—c}]q forie{2,..,n}, (127)

pi

where ¢ is given by (113).
D1’s problem is:

Ma,ﬁilmize mi(p1,P-1) = [pl —wy — Cﬂ ¢

+ oy [w _QJﬁﬂf+W§: wi = 5] fai (128)

i=1 i=1
where ¢} is given by (113).

128) implies that firm 1’s profit-maximizing choice of p; is determined by:
g

oq; oq; a(h
¥+ —wy — 4+ v [w; — ¥ + v
¢+ [p1—w 1}8191 1 [ws 1]]‘7116)291 o [w1 — ¢y ]
- q* - %)
+U1Z[wz’—cif]fui+vzz[ ]f2z qz =0
i=2 Op1 i=2
* d U U a(ﬁ(
= Q1+[pl—uh—61+U1(w1—01)f11+712(w1—02)f21}8p
1
+ 'U1 _Cl fh—i-’UQ( )fZZ]an = 0. (129)
op1
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(113) and (129) imply:

lon—p ] [1+7(n—2)] - i( p;)

T (= D)]

. u l1+~v(n—2
— [P —wi— ¢ +or(wr—cf) fu+ve(wr— ) for ] 7l |

+ ;[Ul(wi_C%)fli+v2(wi_cg)f2i] [1_7][117(71_1)] =0

1+~v[n—2] 1+~v[n—2]
:’ {[1—m1+v<n—1>1+[1—m1+v<n—1>1}pl

ar[1+v(n—2)]—v ,22)2(043-—2%)

[T=7][1T+y(n-1)]

— [~ (wi+ ) + o (wr — ) fr+ v (w1 — %) for ] 1+v[n—2]

[1=7][1+~(n-1)]

n

v ) fri +va (w; — ) fa
Jr[1—7][1+fy(n—1)]Z[Ul(wi_cl)flﬂr )

1=2

= 2[1+7(n-2)]p

= ar[1+7(n=2)]=7 > (o5 —p;)

=2

— [ (wi+c)+o (wi =) fuu+va(wi =) far ] [1+7(n—2)]

—1—72 vy (w; — ¢} fri+va (w; — ¢y ) fai ]

n

v u u
+ 2[1+~(n—-2)] Z[Ul(wi—Cl)fliJrU?(wi_C?)f?i]‘

[1=7][1+v(n-1)]

(130)
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Z

=1

(115) implies that firm ¢’s reaction function is:

v > (a5 —pj)
1 it
d (2 .
i = 5| i | fi € {2,...,n}.
P Q[Oz + w; + ¢ | 117 (n=2)] or i € { n}

Summing (130) and (131) over all firms provides:

n

7
157 (n=2)] > (o —pj)

j=2
—%[—(w1+c?)+v1<w1—c%>f11+v2<w1—c3>f21]
+i:2§[04i+'LUi+C§l:|_2[1+,y n—2) 2;
J#i
(0751 " 1 d 1 d
= 7+Z§[al+wl+cl]—l—§[w1+cl]
i=2
,7 7 n n
_2[1—1—7(n—2)]j;(aj_pj)_2[1—|—7(n—2)];jzl(aj_pj)
Jj#i
_%[Ul(wl_qu)fu‘f‘vz(wl_cg)le]
+2[1+7Zn—2)];[Ul(w_cl)f“—i_w( i — ¢y ) fail
1212a w C] 2[1+7 1231]2_:1
J#£i
— o (= ef) o v (s = ) for
T B = A

(131)
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n n

1 Al v[n—1] I
2215 O{z‘{'wz‘{'ci} 2[14_7(”_2)]2:1( pz)
_%[Ul(wl_le)fu‘f‘vz(wl_cg)le]
! ” 1) fri +v2 (w; — ) fo
+2[1+7(n—2)];[Ul(wi_cnf“—i_ o (w; — cy) fai
1 A A B v[n—1] & A [n—1]
— Z:1§[a,+wz+cf] T (n2)] ;a,+2[1+7 O sz
_%[Ul(wl_le)fu‘f‘vz(wl_cg)le]
g " ) fri o2 (wp —¢5) fou
+2[1+7(n—2)];[Ul(wi_cl)f“—i_ o (Wi —c3) fai ]

= {1_2[11[3_7@1—2 }Zp’

1 d vin—1]
2235 Ocz—l—wl-—irci]—2[1+7 (n—2 ZO‘Z

_ %[Ul(wl—cﬁ”)f11+vz(w1—cg)f21]

n

Y u "
+ 2[14_7(”_2)] ;[Ul(wi_Cl)fli‘l"UQ(wi—CQ)fgi]. (132)

The coefficient of ) p; in (132) is:

=1

~ v[n—1] _ 2[14+9(n—=2)]—~[n—1]
2[1+~v(n—2)] 2[1+~v(n—2)]
2[1—v+y(n—-1)]=~y[n—-1]  2[1—y]+~7[n—1]
B 2[1+~v(n—2)] o 2[1+y(n-2)] (133)

(132) and (133) imply:

2[1 =] +7[n—1] ¢
2[1+7(n—-2)] ;pi
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n—l
[+ wi+cf] _2[1+7 n—2 ZO"‘

l\DI»—t

- 3l

1 u u
a 5[“1(101—01)f11+v2<w1_c2>f21]

n

Y " u
- 2[1+7v(n—2)] ;[m(wi_Cl)f1i+v2<wi_02)f2i]

n

- 1—|—7 [n—2] v[n—1]
= i = al—{—wz—i—c o
;p 2[1—~v]+~vy[n—1] Z 2[1—7]+’y[n—1]z

i=1 i=1

B 1+v[n—2]
2[1=7]+~[n-1

][Ul(wl—C?)f11+v2(w1—05)f21]

i ) fri v (w; — ) fos
+2[1—7]+7[n—1];[Ul(wi_Cl)ﬁHr Lo ) f)

n

- 1+7[n—2] J vin—1]
= ij = _p1+2[1—7]+7[n—1] Z(ai—l-wi—l-ci)—2[1_7]_’”””_1] Zai

=1 i=1

B 1+~v[n—2]
2[1=v]+v[n—-1]

[vr (w1 —¢}) fi1 +v2 (w1 — ¢5) for]

’Y n
- 2[1—7]+7[n—1];[vl(w_Cl)f“ﬂj?( i =) fail (134)
and for i € {2,...,n}:
_ 1“—’7 n—2 N w C ’Y[TL—]_] na‘
ij I TR O Z e 2[1—ﬂ+7[n_1]; 7
Hﬁz
14+~v[n—2]

T[T - ) e (e =) fal

n

Y u "
+2[1—7]+v[n—1];[Ul(wj_Cl)flﬁw(wj_c?)f%]' (135)
(130) and (134) imply:
ne 2[1+v (n—2) ij 1+7 Zaﬂ
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[—(wl—l—c’f) —l—vl(wl—le)fll-i-w(’wl_cg)fm}

DN | —

n

g 3 .
+ 2[1+~v(n—2)] ;hjl(u}i_Cl)fli‘i'vz(wi—cz)f%]

_ g gl 1+v[n—2 -

+ ozz+w2+c
2[1+7(n—2)]p1 2[14+~v(n—2)] 2[1—~]+7] n—l Zzl

B gl v[n—1] .
2[1+y(n—-2)]2[1=y]+~v[n—1] ; '

— 7 L+7[n—2] vy (wy — ¢y vy (wy — ¢
2[1—{—7(71—2)]2[1—7]—{—7[71—1][1( 1) fu v (wn =) fan

v

,y U U
T Ha (-2 21 —A]+ 7 [n—1] ;[Ul(wi_cl>f1i+“2(wi_c2)f2i]

a1
T3 2[1+7 n—2) ZO‘J

(= (wn + ) + o1 (wy — &) fro+ 03 (w1 — ) for ]

N | —

n

.
Sy 2 [ (= ) i v (= ) f

1=2

n

Y 7y .
BRI S eI e ey POC R

i=1

B gl v[n—1] o
2[1+9(n—-2)]2[1=7y]+7[n—1] Zl Z

: 1 —c3 ) fa
3[a(1-7) 17 (n-1)] [Tt o =) o

gl v - y ,
Tty (n—2)]2[1-A]+[n—1] ;2[”1(“’%'—Cl)fuﬂz(wz-—cz)fm]
1
+ gz lord] - s e ZO‘J

B %[Ul(wl—qu>f11+U2(w1_C;)f21]
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n

Y u u
+ 2[1+7(n—2)] ;[Ul(wi—01)f1i+v2(wi—02)f2i]

n

g a1 .
ST (a1)] 2 g Lo ]

_ v
T Tl (n—2) 7"

n

gl v[n—1]
_2[1—|—7(n—2)]2[1—7]—|—7[n—1];ai 2[1+7 (n—2) ZO‘J

2 1 v (wy —c¥ vg (W — ¢y
N {2[2(1—7)+7(n—1)]+2}[ L(wr=¢p) fu+ o (wi =3 ) far ]
Y Y
* S ] | S T
'Z[Ul(wi—Cib)fu—!—vg(wi—cg)f%]. (136)
Observe that:
v 1 y+2[1—9]+v[n—1]

2[2(1—7)t7(n-1)] "2 ~ 2[2(1—7)+~(n—1)]

2+7[n—2]

T 22(1-)ta(n-1)] and
B _2[1=9]+yln—-1]+7  2+y[n-2]
1+2[1—'y]+7[n—1] T 2[l—=Aq]+y[n—1]  2[1—-A]l+7[n-1]" (137)

(136) and (137) imply:

b1

)
1+2U+7W—2H]

n

gl PN .
= 212(1=7v)+y(n—-1)] ;(ai+TUi+Ci)+§[Oél+w1—|—clj|

n n

3 g v[n—1] o g N
2[1+7(n—2)]2[1—7]+7[n—1]; Z 2[1+7(n—2)]; ’

_ 2+7[n—2] N e o
217t (n=1)] (=) fut v (wi=a) fa]
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2+vy[n—2]

g
P T (n=2)] 31 ]+ 1[0 1] Z o1 (w0, = ) fui v (w; = ) fur].
(138)
The coefficient of p; in (138) is:
v 2[4+ y(n—-2)]+y  2—7y+2y[n—-1]
AT m-2)] T 24a(n-2)] 21+ (n-2)] (139)

(138) and (139) imply:

2—v+2y[n—1]
2[1+~v(n—2)]

h

n

8 4 1 .
— 2[2(1_7)_’_7(”_1)] ;(ai+wi+ci)+§[al+wl+61}

n

8 vin—1]
_2[1+’y(n—2)]2[1—7]4_7[”_1];%‘ 2[1+7 Z%

B 24+~ [n—2]
2[2(1=7)+v(n—-1)]

[v1 (w1 —¢}) fir +va (w1 —¢5) for]

n

y 2+vy[n—2] . (e — o
T o AT e T g () k(=) ]

- 2[1—7]—i7[n—1] {%Z(ai"‘wi"‘cg)+%[2(1—7)+7(”—1)][a1+w1+0‘”

n

_ 7In—1] Zai_’y[2(1—7)+7n—1 ZO‘J

2[1+7(n-2)] & Piran=2
_ w [v1 (wy —¢cf) fu +va (wy — ¢y ) for]

y[2+9(n-2)] ¥ “ .
2[1+7y(n—-2)] ;[Ul(wi_cl)f“Jr“?(wi_Cz)fzi]}

1
S 2(0-)+y(n-1)][2=v+2y(n—1)]
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.{7[1+7(n—2)] Z(ai+wi+c§1)

+1+y(n=2)][2(1=v)+v(n—1)] [a1+wi +f]

n

—72[n—1]zai_7[2(1_7 +v(n—-1) Za]

i=1

—[T+~v(n=2)][2+7(n—=2)][vi (w1 —¢}) fu1 +va (w1 — 5 ) for ]

+7[2+7(n—-2)] Z[Ul(wi—c?)fliﬂLUz(wz‘—Cg)f%]}~ (140)

=2

(131) and (135) imply that for i € {2,...,n}:

Zoz] 1—1—7 (n—2) ij

_ L a1
i = g laitwtd] 2[1+v n—2)

1 041-—|—w2-—|—c§l] —

3] 2=

=5l 21+ (n-2)] &
1%
B 2[1+7Z”—2)]pi_2[1+7zn—2)] 2[1_77[]1—71[]”_1] g&j
2] 2[11—+ﬁ[+nv_[2]—1J é(“ﬁwﬂ‘“?)
ST (7] AT ] 1 o =)
* 2[1+7zn—2)] 2[1—7]17[7@—1] 2[“1(%‘_C”fljﬂz(wj—cé‘)fzj]

= l[a,—l—wz—l—cf] —

2 2[14+7(n-

)] ]Zf“j
J#i

B v - v v[n—1] .
21+ (n=2)] " 2[1+v<n—2)]2[1—7]+7[n—1]j21”
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3

v et
=)+ o] 2 ()

_2[2(1—7)7—#%%—1)] oo =et) frte (wn =)
+2[1+7zn—2)] 2[1—ﬂ17[n—1]§[“(w ) fij + e
e a2
- %[()Q-Jruwrc;l]—2[1Jﬂy Za]
_2[1+7Zn—2)] 2[1—7[]7::7171_1 Z%
*2[2(1—7)7—w<n—1>]é(“““’j“?)
" AEA ) G [ (o) )
! 2[1+7zn—2)] 2[1—7]17[n—1] é[vl(wj_c?)f”jLW(wj_

(139) and (141) imply that for i € {2,...,n}:

2—y+2y[n—-1]
21+~ (n—2) 7

1 d
R R e T PO
J#

_ g vin—1] o
2[1+7y(n-2)] 2[1=7]+7[n—1] ; !

n

Y el
+2[2(1—7)+7(n_1)]2(0‘3+ i+ ])

j=1

— 7 1] [v1 (w1 —¢f) fir +v2 (w1 —¢5) far ]

2[2(1=7)+v(n-1

cy ) foi]

cy ) faj]-

(141)
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n

v v ) oo (0 — Y fo
F AT ()] A AT e 1] 2t (W = ) ke = ) o

i=2

1 1

- 2[1—~]+~[n—1] {5[2<1_7)+’7(n—1)][Ozi—i-wi—i—cﬂ

2(1—~)+~(n—1)
o2 =)+ ( Z%

2[14+~v(n—2)] —
J#i
— ’72[71—1] Xn:aj—l—zzn:(aj—i-wj—i-c?)
2[1+y(n-2)] &7 " 2 &~

BO |2

[v1 (w1 — ) fir +va (w1 — &) far]

v - . .
T (n-2)] Z[Ul(wj—01)f1j+v2(wj—cz)f2j]}

j=2

. 1
T T RO (D2 r+27(n—1)]

'{7[1+7("—2)] > (o +wi+¢)

j=1

+1+y(n=2)][2(1=y)+v(n—1)] s +w; + ]

=11 a; —7[2(1=7)+7(n—1) Z%

= (%
—y[1+7(n—=2)] [vr (w1 —¢f) fur +va (w1 — 3 ) for ]

+ 7 Z v 1) J1j + vz (w Cg)f2j]}- (142)

Optimal Collusive Input Prices under Vertical Separation (and Price Competition)

Now consider the input prices U; and U, set when they collude under vertical separation
and downstream firms compete on prices.
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(126) implies:

L4+v[n—2 -
= —
it
—[243v(n—=2)+~+*(n*=5n+5)] [} + w;]
+y[l+y(n=2)1) [ +w] (143)
j=1
i
where
E=[1-9l[1+y(n-1)][247(n=3)][2+~7(2n=3)]. (144)
When they collude under VS, U; and U, choose input prices w; to:
II}UaX Z _Cl flzqz+z f2zQz
¢ max > lwi— & fu— b fail i, (145)
where ¢; is as specified in (143).
Differentiating (145) with respect to w; provides:
a% U U aq .
@i+ wi — cf fri — 5 fai] +Z wj — ¢ fij — ¢ fay) (’9;5) =0 (146)
j=1 ‘
J#i

S 2l et =l [24 37 (0 —2) 72 (02— 5m45) ]

—_
—
—

%

n

— [Ty (n=2)1) (wj—cf fiy—cs fo;)} = 0

j=1
i#i
& 1+7[:n_2] [2437(n—=2)+~*(n*—5n+5)] Yl+y(n=2)]1) " q
= —=
j#i
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=

_ [T+ (n=2)] (]

+ 14y (n=2)]> [ +uy]

j=1
J#i

wi — ¢ fri— ¢ fail [24 37y (n—2) +~* (n® = 5n+5) ]

n

— [+ (n=2)] > (wj—cl fr; — & fo) }

[2437(n=2)+~+*(n*=5n+5)]a;—7[1+7(n—2)] Zaj

— [243v(n—=2)+~+"(n*=5n+5)] [/ +w;]

+y[1+y(n—-2)] Z[c?—l—wj]
i%i
= [wi—cf fu—c5 ful [2437(n=2)+7* (0" =5n+5)]

—7[1+7(n-2)] Z(wj_cqfflj_cgféj)

j=1
J#

= w; [24+37(n—2)+~+*(n*=5n+5)] —~v[1+7(n—2)] ij

— [ fu+ds fu][2437(n=2)+~+*(n®*—5n+5)]
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=

4

n

+y[1+v(n—2)] Z(qufljﬂLCgf%)
j=1
J#i

[2437(n=2)+~+(n*—=5n+5)] a;i—y[1+7(n—2)] Zozj

= 2[2437(n—2)+7*(n*=5n+5)|w —27[1+7(n—2)] ) w

JjF#i
— [ futdsful[2437(n=2)+~+(n*—5n+5)]
+’7[1+’Y(”_2”Z(leflj‘i‘cgf%)
i
2[24+3v(n—2)+~"(n*=5n+5)]w
= [2+3fy(n—2)+72(n2_5n+5)] —y[1+~y(n—2 Zaj
Jsﬁz
— [2437(n—=2)+~+*(n*=5n+5)]cl+ v[1+7y(n—2 Zc
J#z
+ [} futds fu][2437(n—=2)+~+*(n®*—5n+5)]
— (149 (n=2)]> (& frj+ ¢ fo) +27[1+7(n—2 Zw]
j=1
J#i J#l

Y[14+v(n—2)] ;(%—C?Jrﬁflﬂrcgfzj)

w; = 1[o«—cd—l—c“f-—irc“f-}—
o b R S 2[2437(n—2)4+~%(n?=5n+5)]
y[1+y(n—2)] -
. 147
[2+37(n—2)+72(n2—5n+5)]jz_:le (147)
J#i
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Summing (147) provides:

n

Z’U)Z = —Z <—C§l+c”i‘f1i+c§‘f21-}

1=1

n

Y[T+7(n=2)1 2 X (o5 — ¢t + 6 frj + ¢ fo)

i=1 j A
22439(n—=2)++2(n?2—=5n+5)]

27[1+7(n—-2)] N
T2t (n-2)+2(nE-5n+5)] & ZZ“’J’

1
= Zwi = §Z[ai—cg+c1ffu+cgf2i]

n

Y[1+y(n—=2)][n—-1] > (aj_0?+c?f1j+cgf2j)

j=1

2[24+37(n—=2)+~2(n?>-5n+5)]

+

27[1+’y(n—2)][n—1
2[24+39(n—2)4+9%2(n>—-5n+5) sz

Y[1+vy(n—2)][n—1]
= {1_[2+37(n—2)+72( 2 _5n+5) }Zw

1 y[i+y(n=2)][n—1] 3 u u
a 5{1_ [24+37(n=2)+19*(n*—=5n+5)] } ;[ai_cg+61fli+62f2i]

1 n
= Zwl = 52[0&1—05“—0%]011"‘65]021}

i=1 i=1
1 n

= ij =3 [ — ¢ + ¢ fri+ ¢ foi | —wi. (148)
i i=1

(147) and (148) imply:

7[1""7(”—2)] Zl(Oéj—C?‘i‘C%flj‘{—Cgfgj)
]:
J#i

1 d U U
= glai—dtd futd ful 2[2+437(n—2)+2 ("> —5n+5)]
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=

Y[1+v(n—2)] %Azl[ai_cg—i_dllfli_f’cgf%]
+ 2+3y[n—2]4++%2[n®2-5n+5]
o lis 31+ (n—2)]
2+37(n—2)+~2(n?>—-5n+5)

. Y1+v(n=2)]1 3 (g —¢f +¢i fij +¢5 foy)
= —[Oéi—CC-l‘i‘C?fli‘i‘C;fQi]— 7
2 ’ 2[24+37(n—2)4++2(n2—-5n+5)]

[ — ¢ + & fri+ ¢ fai ]
=1

Y[1+7v(n-2)]
T T3y (n—2) 2 (2 —5n+5)]

y[1+y(n—2)] Zl(aj—C?JrCfi‘fljJrC%fzj)
1 d U U j]jéz
y Los =i+ e+ for 2[2+37(n—2)+ 2 (2 —5n+5)]

B Y[14+v(n—2)] [ai—0?+6§‘f1i+05‘f2i]
2[243y(n—=2)+~2(n2—-5n+5)]

YT+~ (n—2)] [ai— ¢+ fri+ b foi]
2[24+37(n—2)4+~+2(n?2—=5n+5)]

147 (n=2)] 2 (o=l of fut cf fu]

* 2[24+37(n—2)+~2(n?-5n+5)]
Y47 (n=2)] 3 (o — 4 cf fiy +¢ foy)

j=1

1 d u u
E[az—ci—kclfu‘i‘czfzz} 2[2+437(n—2)+~2(n2=5n+5)]

Y[1+v(n—2)] [O‘i_czd‘{'cqffli“'cgfm}
2[24+39(n—=2)++2(n?2—-5n+5)]

[ — ¢ + ¢ fri+ s fou ]

M=

Y[+ (n—2)]
* 2[24+37(n—2)4+72(n2—=5n+5)]
1 u u 7[1+7(n—2)][ai—0?+0%f1i+cgfgi]
2 -+ fut i fu] + 2[243y(n—2)++2(n?—5n+5)]

Il
—_
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_1 7[1+7(n_2)] Oé'—Cd o Y fo
N 2{1+[2+37(n—2)+72(n2—5n+5)]}[ it el fut 6 fai

[ai—0?+01ff1i+cgf2i]- (149)

N | —

(26) and (149) imply that under vertical separation, the input prices U; and Us set when
they collude are the same under price competition and quantity competition.

Optimal Collusive Input Prices under Vertical Integration (and Price Competition)

Now consider the input prices U; and U, set when they collude in the setting where
downstream firm D1 is vertically integrated with upstream supplier Ul and downstream
firms compete on prices.

(142) implies:

~ 1
;pi C2O-y)+y(r-D]2-7+27(n-1)]

-{7[”—1][1+7(n—2)] D> (aj+w+cf)

Lty (n=2)][2(1=y)+y(n-1)] [+ w; + ¢ |
=P =1 Y =y [201=7)+a(n=1)] D0 > e
j=1 1:21;51

—yn—=1][1+~v(n—2)] [vi (w1 —¢f) fun +v2 (w1 —cy) fa]

+ 7% [n—1] Z[Ul(wj—c?)f1j+vz(wj—Cg)fzj]}a (150)

j=2

and for i € {2,...,n}:

~ . 1
kzgpk C2(1=)+r(n=1)][2=7+29(n—-1)]
k#i

-{7[”—2][1+7(n—2)] > (o +wi+¢)

j=1
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[ak%—wk+wﬁ]

+
—
+
)
3
|
no
o
-
|
2
+
)
3
|
ot
I~
AN M:
[\V]

= n=1][n=2] 3 oy —v[2(1=7)+7(n—1) ZZ%

k=2 j=1
=T

—y[n=2][1+~v(n=2)] [vi (w1 —¢f) fi1 +v2 (w1 — ¢35 ) far]

+ 7 [n—2] Z[Ul(wj—C?)f1j+v2(wj—03)f2j]}- (151)

(113), (140), and (150) imply:

aﬂ1+vﬁr—ﬂ]—7§2% 1+ y[n—2]

e P ST C S i R pue e py
T ][1+7 (n—1) ;
ar[1+7(n=2)]-7 X o,
[Tt (n—1)]
1+~v[n—2]

S [I-Alt v (n=D)][2(1 =) +y(n=1)][2—v+27(n—1)]

-{7[1+7(n—2)] (it wi+d)

i=1

+[1+7(n=2)][2(1=7)+7(n=1)][or+wi+ci]

n

—7%n—1]2}%—7ﬂ(1—7%Jyn—1 }:%

—[T+v(n=2)][2+v(n—2)][vi (w1 —¢) fir +vo (w1 — c5) for]
+v[2+7(n—2)] Z[vl(wi—C?)f1¢+vz(wi—Cé‘)fzi]}

gl
[T=y][T+r(n=1)][2(1=7)+7(n=1)][2=7+27(n—1)]

+
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-{V[n—l] 1+vy(n—2 Z ozj+wj+c

n

+[1+7v(n—=2)][2(1=79)+7(n—1)] Z(ai+wi+6?)

—72[71—1]220@ —y[2(1=7)+y(n=1)] ) > a
j=1 1:23];1

—y[n=1[1+~v(n=2)] [vi (w1 —¢f) fuir +v2 (w1 — 3 ) far]

n

-*72V%—1]2:[%(Uh—*ﬁ)ﬁj+U2U%‘—@)fZ]}

j=2

ar[1+7(n=2)]-7 X a

[1=7][1+y(n—-1)]

1

T -2 —) tr(n—D] 2=+ 27 (n—1)]

-{72[71—1][1-1-7(”_2” Z(Oéj+wj+0?)

+y[1+7(n=2)]1[2(1=7)+v(n—-1)]> (i +wi+c})

=2
— =117 a; =9’ [2(1 =) +7y(n—1) ZZ%
j=1 i=27-1
J

— P n=1][14+7(n—=2)] [vr (w1 — ¢}) fir +v2 (w1 — ¢§) for]

+ 72 n =11 Y [on (wy = &) fij +vs (wy — ) fo]

j=2

n

_7[1+7(n—2)]22(a1+w1+cf)

i=1

[ty (n=2)P[2(1=7) +7(n—1)][as+w +f]

+ 2 [n—1][1+~(n—-2 Za
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+y[1+y(n=2)][2(1=7)+~y(n—-1) Z%
+[1+y(n=2)P[2+7(n—2)][vr (w1 — ) fir +va (w1 — 5 ) for ]

—y[1+y(n=2)][2+7v(n—-2)] Z[Ul(wz‘—qu)fquW(wi—Cg)f%]}

ar[1+7(n-2)]-7 X o

[T=~][1+y(n-1)]

1

T (- D2 7) +y(n-1D)][2— 7 +27(n—1)]

n

‘{7[1+7(n—2)][7(n—1)—(1+7[n—2])] > (aj+wj+cf)

j=1

n

+y[l+y(n=2)][2(1 =) +7(n=1)] ) (i +wi+c})

1 =2

[Ty (n=2)P[2(1 =) +7(n—1)] [ar +w +¢f]
+ 72 n—=1][1+7(n—=2)—~(n—1) Za]
+[1+7v(n=2)][(1+v[n-2])(2+7[n-2]) =" (n—1)]

o (wy — ¢} ) fir +v2 (w1 —¢) for ]

+y[Y(n=1)=(L+7y[n—-2])(2+~[n—2])]

Z 1) fij +va (wy —cy) fas]

—P2(1-7)+7(n—1) ZZ%

—2,]
J#

+y[l+y(n=2)][2(1=7)+v(n—1)] Z%}

j=2
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a[1+7(n-2)]-7 ¥ a

[1=7][1+7(n-1)]

1
(L=~ +y(n=D)][2(1 =) +y(n=1)][2=7+27(n—-1)]

+

n

-{7[1+7<n—2>m—11 > (a5 +wi+¢f)

n

+y[1+y(n=2)][2(1=7)+7(n—=1)] > (i +w;+c})

1=2

—[1+y(n=2)P[2(1 =) +7(n—1)] [ar +w +¢f]

+7%[n—1] Za]

+[1+9(n=2)][(1+~y[n—=2])(24+7[n—-2])=~*(n—1)]
o1 (wy — ¢t ) fun +va (w1 —¢y) far ]
+y[Y(n=1)=(1+y[n-2])(2+~[n-2])]

.Z[Ul(w—cl)flj-i-vz( i — 3 ) fa5]

+y[1+7(n=2)][2(1=7)+~(n—1) Za]} (152)

Observe that the last two terms in {-} in (152) can be written as:

n

= 200=) 4y (n=1)] 3 Y e+ [Ty (n=2)][2(1=7)+7(n=1) Z%
s

= —P[2(1-7)+y(n—1) ZZ% Y2(1-7)+v(n-1) ZO‘J

J#
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a

n

+ P [2(1=7)+v(n=1)] Y a;+7[1+y(n=2)][2(1 =) +7(n—1)] ) a

i=2

— Y [2(1—=7)+v(n—-1) ZZO[]

71‘7
J#

+r2(1=7)+r(n=1)][v+1+7(n-2) Z%

— 7 [2(1=7)+7y(n—1)][n—1] Z%

+y[2(1=7)+y(n=1)][vy+1+7(n-2) Z%-

(144), (152) and (153) imply:

o [1+79(n=2)] =7 3 o

[1=7][1+~7(n-1)]

—

1
—l—E{V[l—l—f}/(n— Z aj 4w+ ¢f)

n

+y[l+y(n=2)][2(1=y)+7(n=1)] Y (i+w+c})

1=2

[Ty (n=2)P[2(1 =) +7(n—1)] [a1s +w +¢f]

+ 743 [n—1] Za]

+[1+7(n=2)][(1+7[n-2])(2+7[n-2])=~*(n—1)]

o (wy — ) fir +v2 (w1 —¢) for ]

+7[VP(n=1)=(1+~[n—-2])(2+~[n—2])]

Z 1) fij+v2 (wy — ¢3) fo]

i=2

(153)
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~PR= (-] n=1] Y a

j=1

+7[2(1=7)+y(n=D)][v+14+7(n-2 Z%}

o [1+7(n-2)]-7 X o,

[1=7][T+y(n-1)]

+

(1] —

{7[1+7(n—2)][7—1]' (aj +w;j+¢)

n

+v[1+y(n=2)][2(1=7)+v(n—-1)] z;(aﬂrwﬁrcf)

(= 2)P[2(1 =)+ (n—1)] [ 4w+l

+7 n—1][1—y—=(2[1=7]+y[n—1] Zaa

s (Ly(n=2)] [(1+3[n—2)) (247 (n—2]) =2 (n-1)]
[or (wr = f) fir +v2 (w1 = ¢5) for ]

+y [V (n=1)=(1+y[n-2])(2+~[n—2])]
> [on (wy — ) fij+v2 (wy — ¢ foy]

+7[2(1=7)+v(n=D)][v+14+7(n—2 Z%}

ar[1+v(n—2)]—v Z;aj

[T=7][T+y(n-1)]

+é{7[1+7(n—2)][7—1] > (0w +cf)

= =1

n

+ [+ (n=2)]2(1=9) +7(n=1)] > [os +wi+cf]
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—[L+y(n=2)P[2(1 =) +7(n—1)] [ar + wy + ]
— ¥ n—1][1+~(n—-2) Zaj

+[1+y(n=2)][(1+~[n=2])(2+7[n—-2])=1*(n—-1)]
Jvr(wr —¢f ) fu + v (w1 —cy) fa]

+y[v(n=1)=(1+v[n-2])(2+7[n-2])]

Y Lon (wy =) fij+v2 (wy — ) foy]

j=2

+v[2(1=v)+v(n=1)][v+1+v(n—-2) Za]} (154)

The first three terms in {-} in (154) can be written as:

n

Y1+ (n=2)][y-1] Z(@j+wj+0?)

n

+y[l+y(n=2)][2(1=7)+v(n—-1)] Z[Oéi+wi+cﬂ
—[1+y(n=2)[2(1 =) +v(n—1)] [a1 +w +f]

n

= [+ (n=2))[y = 1] 3 (a5 +w; +cf)

[y (n=2)][2(1 =) +7(n=1)] 3 (e +wi+)
[l (n=2)][2(1=7) +7(n = 1)] [ar +wr +cf]
—y[1+y(n=2)][2(1 =) +7(n—1)] [ar+wi+f]

—[1+y(n=2)P[2(1 =)+~ (n—1)] [ar +w +f]

= y[1+v(n=2)][v=1] > (o +w;+cf)

j=1
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+y[l+y(n=2)][2(1=7)+7(n—1)] Z(aﬁwﬁcg)

—y[1+y(n=2)][2(1=7)+~v(n—1)] a1 + w1 +cf]

[y (n=2)P[2(1 =) +7(n—1)] [ar +w +¢f]

= y[1+y(n=2)[y=1+2(1 =) +v(n=1)] > (a;+w;+c})

—[1T+y(n=2)][1+7v(n=2)+7][2(1 =) +7(n—1)] [ar +wi +cf]
SRLRSCEE) (EERRICRSHD SICRRE)
—[1+y(n=2)][1+v(n—1)][2(1=7) +7v(n—1)] [ar +wi +cf]
= y[1+y(n—2 Zn: (o +wj +ct)
—[1+y(n=2)][1+y(n=1)][2+7(n—=3)] a1 +w +]. (155)

The fourth and last terms in {-} in (154) can be written as:
Y[2(1=7)+7(n=1)][v+1+7(n-2) Za]
— ¥ n—1][1+~(n—-2) Za]

= y[2(1=7)+v(n=-1)][v+1+7y(n—-2 Z%

+y[2(1=7)+v(n=1)][v+1+v(n—-2)]o

—2(1=7)+r(n=D)][v+1+7(n=2)]a

— ¥ [n—1][1+v(n-2) Za]

n

= v[2(1=7)+v(n-D][v+1+7(n—2)] Y o

j=1
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—v2(1=y)+v(n=1)][v+1+v(n—-2)]a

— ¥ [n—1][1+~(n—-2 Za]

= y{[2+7(n=3)][1+y(n=-1)]=~v[n-1][1+~v(n—-2)]} Z%‘

—7[2+7(n=3)][1+vy(n-1)]m

The fifth and sixth terms in {-} in (154) can be written as:
[1+7(n=2)][(1+y[n—2])(2+y[n—2]) =" (n—1)]
o (wr =) fu+ vz (w1 =) fa ]

+7[¥(n—=1)=(14+7[n—2])(2+~[n—-2])]
-Z[vl(wj—c?)f1j+vg(wj—c§)f2j]
= [1+y(n=2)][(1+7[n=2])(2+~[n-2])=2*(n—1)]
g (wr — ¢} ) fi1 +va (w1 —¢5) for ]

+7[VP(n=1)=(1+~[n—-2])(2+~[n—2])]

-Z[vl(wj—cﬁ‘)flj+v2(wj—c§‘)f2j]
+7[P(n=1)=(1+7y[n—2])(24+~[n—2])]
Jor (wr =) fu v (W — ¢ ) for]

— [ (n=1)=(1+~[n—-2])(2+~[n—2])]

o (w1 =) fu+v2 (w1 —cy) for]

= [1+y(n=2)][(1+7[n=-2])(2+~[n-2])—7*(n—1)]
o (wr =) fur +ve (w1 —cy) for]

+y[v(n=1)=(1+v[n-2])(2+7y[n-2])]

n

Y [on(wy— ) fij+va (wy — &) fo]

j=1

(156)
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— [P (n=1)=(1+v[n-2])(2+7[n—-2])]
for (w1 — o) fuu o2 (wi — ¢3) fau ]
= {[1+v(n=2)][(1+y[n-2])(2+y[n—-2]) =+ (n—1)]
— [P (n-1)=(1+v[n=2])(2+~[n-2])] }
on (w1 =) fuu o2 (w1 —¢3) fu ]

+y[(n=1)=(1+v[n-2])(2+7y[n—2])]

n

Y (v (wy =) fij+ o2 (wy — &) fo]

j=1

= {[1+v(n=2)P[24+7(n—2)] =7 [n—1][1+7(n—2)]
—n=1]+7[1+7(n=-2)][2+7(n—-2)]}
o (wr =) fir + o2 (w1 — &) far]

+7 [P (n=1)=(1+7[n-2])(2+~[n—2])]

n

'Z[Ul(wj—C?)f1j+02(wj—05)fzj]

= {[1+v(n=2)][24+7(n=2)][T+7(n—2) +7]

— P n—-1][1+y(n—-2)+~]}
v (wr —¢f ) fu +va (w1 — ¢y ) far ]

+y [ (n=1) = (1+v[n-2])(2+7y[n-2])]

> lon (wy — ) fij+v2 (wy — ¢f) foy]
i=1

= {[1+y(n=2)][24+7(n=2)][1T+7(n—1)]

=7 [n=1][1+7(n—-1)]}

o (wy —¢}) fir +va (w1 =€) for ]

+y [P (n=1)=(1+y[n—2])(24+~[n—2])]

[v1 (w; — ) fij +v2 (W — c5) fo5]
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= [1+y(n—-1){[1+v(n=2)][247(n—-2)] =" [n—1]}
o1 (wy —¢f) fir +va (w1 —¢y) far ]

+y[(n=1)=(1+v[n-2])(2+y[n-2])]

n

'Z[Ul(w =) fij +oa(wy =) fos] (157)
(154), (155), (156), and (157) imply:
a[1+v(n—=2)] -7 z:aj

1311+~ (n—1)]

—

+é{7[1+7(n—2)]2 Z(Ozjﬁij—i—c;l)
— [Ty (n=2)][1+~(n—=1)][2+7(n—=3)] [o1 +ws +¢]]

+{[2+7(n=3)][1+v(n-1)]=v[n=1][1+7(n-2)]} )«

—72+7(n=3)][[1+y(n-1)]a -
+[1+y(n=1){[1+y(n=2)][2+7(n—-2)] 7" [n—1]}

o (wr =) fu + w2 (w1 — ¢3) for ]
+ [ (n=1)=(1+7v[n=2])(2+7[n-2])]

-ji[m(w ) fij+ vz (w —cg)fzg]} (158)

(113), (140), (142), (144), and (151) imply that for i € {2, ..., n}:

a;[1+v(n—2)] - Z%
¢ = J; _ 1+v[n—2] o
' [1=7][1+7(n=1)] [1=7][1+y(n=1)] "

- [1—m1+7 (n—1) kz
ki
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ai[l+y(n—-2)]—v Z%
J# 1+~v[n—2]

T—]1ty(n-1] [l +r(n-1]"

v *
T Zp (1) "
7e

aill+y(n=2)1=7 2 a
i#i

[T=7][1+y(n-1)]

1+v[n—2]
[1=v][T+y(n=1)][2(1=y)+v(n-1)][2—v+27(n—1)]

.{7[L+7(n—2)]}:(aj+ug+%g)

+[1+v(n=2)][2(1=7)+7y(n—1)] [ +w; +c]

— 7 ln=1]) a —y[2(1-7)+7(n-1) Z%
j=1

J#

—y[1+y(n—=2)] [vi (w1 —¢f) fur +va (w1 — c3) for ]

+ 7 Z vt ( 1) f1j 4 vz (w; Cg)fzj]}

v

Tty (- D] 2(1=) 47 (n—D)][2—7+ 27 (n—1)]

.{q[n—Z][lJrv(n—?)] > (g +wj+¢f)

Jj=1

+ 1ty (n=2)][2(1=7)+v(n=1)] Y [an+wy+ci]

=~
It
N

_72[71_1][”_2]2% —7[2(1=7)+v(n—-1) ZZO‘J

k=2 j=
k#i J#k

—y[n=2][1+~v(n=2)] [vi (w1 —¢f) fir +v2 (w1 — ¢35 ) for]
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[n—2 Z vy ( V) fig + o2 (w, C?)fzj]}

2

T (- D23 Ty (n-DI[2 -7 +27(n—1)]

.{7[1+7(n—2)] Z(ai+wi+c?)

=1

+l+y(n=2)]2(1 =)+~ (n—1)] [a1+w1+0‘f]

+y[2+7(n—2)] Z[Ul(wi_czf)fli+v2(wi_Cg)fzi]}
ai[1+y(n—2)] -~ Z o
]7£
[1—7][1+~v(n—1)]

B 1+~v[n—2]
[T=7]T+y(n=D)][2(1=y)+7(n=1)][2=7+27(n—1)]

-{ﬂl%—’y(n—?)] Z(ozj—l—wj—l—c?)

j=1

+1+y(n=2)][2(1=y)+7(n—1)][o; +w; + /]

—72[n—1]2aj —7[2(1=7)+~v(n—-1) Zaj
j=1

J#

—y[1+~v(n—=2)] [vi (w1 —cf) fr1 +v2 (w1 —¢5) far]

+ 7 Z v1 ( 1) f1j + v2 (w; C%)fzj]}

N g
[L=7][T+y(n=D)][2(1=y)+v(n=1)][2=7+27(n—1)]
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-{v[n—Z] I+7y(n—2 Z aj 4 wj + ¢ )

J=1
n

[Ty (n=2)] > (it witd)

=1

+[1+y(n=2)][2(1=7)+7(n-1) Z ay, + wy, + ¢ |
k=2
k7

+ 1+ (n=2)][2(1=7)+7(n—1)][or+ws +cf]

— 4 [n—1][n—2] Zozj —7[2(1=7)+7(n—1)]

\E
Q@

[,
Tl
E .

[n—1] Z& —v] )+v(n—1) Za]
—[n=2][1+~(n=2)] [vi (w1 —cf) fir +v2 (w1 — ¢c3) far]

—[IT+y(n=2)][2+7v(n—=2)][vi (w1 —cf) fur +v2 (w1 —c5) for]

+7 2] Y [on(wy = &) iy +vs (wy — ) fo]

j=2

+7[2+7(n—2)] Z[Ul(wi—C?)f1i+v2(wi—03)f2i]}

1 =2

ai[1+y(n—2)]—~ Z Qi
J?ﬁ
[1=7][1+7(n—-1)]

B 1+v[n—2]
[1—v][T+y(n=1)][2(1=7)+v(n—-1)][2—7+27(n—1)]

.{7[1+7(n—2)] Z(Ozj—l—wj—i-c?)

+[1+v(n=2)][2(1=7)+y(n—1)] [ +w; +c]

—72[n—1]2aj —y[2(1=9)+v(n—-1) Za]
j=1

Jsé
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—y[1+y(n—=2)] [vi (w1 —¢f) fur +va (w1 — c3) for]

+W2Z o1 ( 1) fij o2 (w —02)f2g]}

v

T ATy (- D21 7) t 7 (n-D)][2— 7 +27(n—1)]

-{7[”-1][1+7(n—2)] > (o +wi+¢f)

j=1

+[1+y(n=2)][2(1=7)+v(n—1)] Y [an+ws+ ci]

1

— 3 n=1][n=1] Y a; =7[2(1=7)+7(n-1) ZZ%

k=2j=
k#i J#k

i1

e
Sl

—y[2(1=9y)+y(n-1) Zaj
—[1T+y(n=2)][2+27y(n—2)][vi (w1 —¢f) fur +v2 (w1 — ¢35 ) for]
+7[2+27(n—2)]Z[Ul(wj—C?)f1j+v2(wj—03)f2j]}

ai[1+v(n—=2)] -~ Z a;
J#
[1=7][1+v(n—1)]

1
-l -D)]2(1-7) +y(n—1)][2=7+27(n—1)]

-{7[1+7(n—2)]2 Z(O‘ﬁwﬁcﬁ‘l)

+[1+y(n=2)P[2(1—7)+7(n—1)] [ai+w; +c}]

— ¥ n—=1][1+~(n-2 Zaj
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—v[2(1=9y)+v(n=1)][1+~(n—-2) Z%
J#
— [T+ (n=2)]" [vi (wy —¢}) fir +v2 (w1 — ¢ ) for ]

n

P Ly (n=2)] Y [or (wy — ) fuy+ o2 (w; = &) foy]

j=2

n

— P ln=1][1+v(n=2)]1 > (aj+w;+c)

j=1

—y[l+y(n=2)][2(1=)+y(n—1)] > [ar+wp+cf]

>~
S

+7°[n=1][n—1] ) a; +7*[2(1=7)+7(n—1)]

j=1

\E
2

o,
Ml
E

+7[2(1=7)+v(n—1) Z%

+y[1+v(n=2)][24+2v(n—=2)][vi (w1 —¢}) fir +v2 (w1 —5) fou ]

n

-7 [2+2y(n—-2)] Z[Ul(wj—qu)flj+v2(wj—cg)f2j]}

j=2

a[1+7(n—2)]=7 3 a

JjFi

1311+~ (n—1)]
_ 1
1= +7(n—D]2(1=7)+7(n—1)][2—7+27(n—1)]

~{7[1+7(n—2)][1+7(n—2)—7(71—1)] > (g +w+cf)

j=1

+[1+y(n=2)P[2(1 =) +v(n—1)] [a;+w; + ]

—y[1+v(n=2)][2(1 =) +y(n—1)] > [on+wk+ci]

el
S
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—P[n—-1][1+y(n—2)—v(n—1) Za]

—v[2(1=y)+y(n=1)][1+v(n-2) Z%

J#

+ 72 2(1 =)+~ (n—1)] E:}:af+7 —y)+7(n—-1) E:%

k=2 j=
k#i J#k

+y[1+y(n=2)][1+v(n—=2)][vi (w1 —c}) fir +v2 (w1 — 5 ) far ]

=PIy (n=2)] Y Tor (wy — ) fij + vz (w 05)f2j]}- (159)

j=2

The first three terms in {-} in (159) can be written as:

Y[1+y(n=2)][1+7(n—-2)—7(n—-1)] Y (aj+w;+c})

j=1

+[1+y(n=2)P[2(1—7)+v(n—1)] [a;+w; + ]

—y[1+v(n=2)][2(1 =) +y(n—1)] > [on+wk+ci]

=~
-
L

= y[1+~v(n—-2)][1+7(n—-2)—7v(n—-1)] Z(aﬁwﬁcf)

+1+y(n=2)P[2(1 =)+~ (n—1)] [a;+w; + ]

+y[1+y(n=2)][2(1 =) +7(n—1)] [a;+wi+cf]

—y[1+vy(n=2)][2(1—7)+v(n—1)] [a;+w; + ]

\gE

—y[1+vy(n=2)][2(1=7)+7v(n—1)] Y [ay+wk+cf]

>
Sl
S

n

= 7[1+y(n=2)][1+7(n=2)=y(n—-1)] }_ (aj+w;+cj)

J

+1+y(n=2)P2(1 =)+~ (n—1)] [a; +w; + ]
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+y[l+y(n=2)][2(1—7)+v(n—1)] [ai+w; +c}]

—y[l+y(n=2)][2(1=7)+7(n=1)] D [on +ws + ¢ ]

= v[l+y(n=2){1+y[n-2]-v[n—-1]-2[1-7]—7y[n—-1]}

Y (o tw+ )
=1

+[1+7(n=2)][2(1=7)+7(n=1)][1+7(n—2)+7]

. [ai—kwi—I—cﬂ
= y[1+7(n=2)][-1+y(n-2-n+1+2-n+1)] > (a;j+w;+cl)
i=1

+[1+v(n=2)][2+7v(n=3)][1+v(n—1)] [ +w; +¢]
= =1ty (n=2)][1+7(n=2)] > (aj+w;+¢)

j=1

T4y (n=2)] {14y (n—1)][247(n—3)] [ +uw+¢].

Define a_j, = Za] Then for ¢ € {2,...,n}:
=1
J#h

ZZO@ = aota g+ ... Fa (-1t (1) T ... Fa,

k=2 j=
k¢lj#k

= [n—=2]ai+[n Z% = o1 +o; + [n—3]Zaj. (160)

J#Z

(160) implies that the fourth to seventh terms in {-} in (159) can be written as:

— Y [n—1][1+v(n—-2)—7y(n—1) Za]
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Hﬁ
+ 2 2(1 =) +v(n—1)] |ar+a; +] ZO‘J
+ 72 [2(1 =) +~v(n—1) Zaj
= —[n-1][1+y(n—=2)—7(n—-1) Za]

—y[2(1=7y)+v(n—=1)][14+~v(n—-2) Za]
375

—v2(1=y)+v(n=D][1+y(n-2)]a

+y[2(1=7)+r(n=1)][T+y(n=2)]

+ 2 2(1 =) +v(n—1)] |ar+a; +] Zoz]

+77[2(1=7)+7(n—1) Zag

+ 7 [2(1=y)+7(n—1)] o

=7 [2(1=y)+v(n-1)] o

= —[n-1][1+7(n—2)—7v(n-1) Z_:
—y[2(1=7)+~(n-1)][1+7(n—2) Z%
F[201 =)+ 7 (0= D] [1+7(n-2)]

+922(1=7)+7(n—1)] | +ai+] Zoz]
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+722(1 =) +y(n—1)] Z%

—P[n—-1][1+9(n-2)—7(n—1) Zaj

—[2(1=y)+r(n=1)][1+7(n=3)=7(n=3)] Y a

j=1

Fl2(1=7) 7 (n=1)][1+7(n=2)+7] o

- ln-1l01 Zaj—v 247 (n=3 Z%

+y[2+7(n=3)][1+v(n—-1)] o
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n

= —qy[v(n-1)(1=7y)+2+7v(n=3)] ) o

i=1

247 (n=3)][1+y(n—-1)]a

The last two terms in {-} in (159) can be written as:

Y[I+y(n=2)][1+7(n—=2)][vi (w1 —¢f) fir +va (w1 — c5) for]
+ [T+ (n—=2)] [vr (w1 — ¢ ) fr1 4+ v2 (w1 — c§) fon ]

— P [14+7(n—=2)] [vr (w1 — ¢} ) frr +v2 (w1 — ¢§) for ]
— Y [1+7(n-2)] Z[Ul(wj—c?)f1j+v2(wj—Cg)fzj]
= y[1l+y(n=2)][1+y(n—=2)+y][vi(w—¢) fir +v2 (w1 — ¢35 ) far]

n

— VP [1+7(n-2)] Z[Ul(wj—c?)flﬂrw(wj—Cg)fzj]
= y[1+v(n=2)][1+~v(n—1)][vi (w1 — ¢ ) fi1 +va (w1 — ¢ ) for]

n

— P14y (n=2)1> o (w; — ) frj +va (w; — ¢ foy ]

j=1
These conclusions and (159) imply that for ¢ € {2,...,n}:

a[l+v(n—=2)]—v Z%
J#z
[1=7][1+y(n—1)]

n

{—7[1+7(n—2)] I4+~v(n—2 Z aj 4 wj + ¢ )

Jj=1

(1] —

+ 1+ (n=2)][1+~v(n—1)][2+7(n—3)][a; +w; + ] ]
—y[y(n=1)(1-7)+2+7(n—3 Z%

+ty2+7(n=3)][1+y(n—-1)]a
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+y[t+y(n=2)[1+7(n=1)][or (wi =) fu + 03 (w1 = &) far]

— Y [1+7y(n-2)] Z[Ul(wj—C?)f1j+v2(wj—03)fzj]} : (161)

j=1
U, and U, choose input prices w; (for i = 1,2, ...n) to:

n}ue}x Z —c1 thz—l-z _Cz fqu [P1—w1—061l]fh

< IﬂwETXZ — & =S faula+ [Pr—wi— ] ¢

g Hq}vaxz —cf fui— Cgf2i]q1'+[Pl—Cf—C¥f11—05f21]Q1- (162)

where P is as specified in (140), ¢; is as specified in (158), and ¢; is as specified in (161) for
1=2,..n.

(140) implies that pj can be written as:

1
2(1=7y)+y(n=1)][2=7+27(n—1)]

Py =

'{7[1+7(”—2)] Z(ai+wi+c§l)

i=1

+[1+7(n=2)][2(1=7)+v(n—1)] [o1 + w1 +¢f]

Q[n—l]Zai—’yﬂ( —v)+7(n—-1) Zaj

—[T+y(n=2)][2+7y(n—=2)][vi (w1 —¢}) fir +v2 (w1 —c5) far]
—v[2+y(n—=2)][vi (w1 —cf) fir +v2 (w1 —¢3) far]

Y2+ (n—=2)][vi (w1 —¢f) fur +va (w1 — c5) for ]

+y[24+7(n=2)] > or (w;— ) fri+va (w —Cz)fm]}

1
2(1=y)+y(rn=1)][2=7+27(n—1)]
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+1+y(n=2)][2(1=v)+v(n—1)] [a1+wi +f]

[n—1] Zal )+v(n—1) Za]
—[T+y(n=1)][2+v(n—2)][vi (w1 —¢f) fi1 +v2 (w1 — ¢5 ) for]

+y[247(n=2)] ) [ (wi— ) fri+ 02 (w —Cz)fm]} ' (163)

=1

Differentiating (162) with respect to w; provides, for i = 2,...n:

oP (- . y Oqy (- ; ) 9ai(-
q1 azlv(i)—i_[Pl_CCll_len_czfm] a;w(i)—i-qi—i—[wi—clfli_%fm] aui)
n a n
j=2 i
J#i

(144), (158), (161), and (163) imply that for i, j € {2,..n} (j #i):

OP(-)  ~[1+y(n—=2)]+~v[2+7(n—2)][vifu+vafa]

ow; [2+7y(n=3)][2+~(2n—3)] ’
M - L+ -2)P
+7 [P (n=1)=(1+7[n=2])(2+~[n—2])] [vifri + vafai] };
ag;g;) - _é{—7[1+7(n—2)]2—72[1—1—7(71—2)][vlf1i+vgf2i]
+[1+v(n=2)][T+y(n—-1)][2+v(n—-3)]};
agjui) - _é{—fy[1+7(n—2)]2—72[1+7(n—2)][v1f1i+v2f2i]}
Y[1+v(n—2)]

[T+ (n—2)+7(vifii +vafa)]. (165)
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(144), (158), (161), (163), and (164) imply that for i € {2, ..., n}:

P, a1[1+v(n—2)]—vj§2aj

' w4 (n-1)]

P (-)
+ Ow: :{7[1+7(n—2 Z aj + wj +¢§)

—

—[1+y(n=2)][1+y(n=1)][2+7(n=3)] [az + w1 + ]

+r{l2+r(n=3)][1+y(n-1)]=~y[n-1][1+~(n-2) Z%
—v2+r(n=3)][1+y(n-1)]m

+1+y(n=D{[1+y(n-2)][2+7(n=2)] =~ [n-1]}

o (wr —¢f ) fu +v2 (w1 —¢y) for]

+y [y (n=1)=(1+v[n-2])(2+~[n-2])]

'Z[Ul(w c) fij +va (w —Cz>f2g]}
dq1() 1

T ow; RO (-1 2= +27(n—1)]

'{7[1+’Y(”—2)] Z(Oéi+wi+czd)

+[1+v(n=2)][2(1=7)+y(n—1)][oa +w +cf]

(n—1] Za — ] )+~(n—1) Za]
(= 1)][247 (= 2)] o (n — ) fus 2 (n — ) ]
+w2+v<n—2>1il[vuwi—c%)fﬁw(wi—cz)fm}
a[1+7(n=2)] =7 ¥ o

"
[1—7][1+7(n—1)]

+
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{—7[1+7(n—2)]2Z(aj+wj+0?)

[T+ (n=2)] (147 (n—1)][2+7 (n—3)] [ +w; +c]

Z%

[1]] —

—v[v(n=1)(1=7)+2+~(n-3

+y[2+y(n=3)][1+v(n—-1)] o
[1+y(n=2)][1+~y(n—=1)][vi (w1 —¢}) fur +va (w1 —¢5) fou ]

n

— 7 [1+7y(n—2)] Z[Ul(wj—cﬁ‘)flﬂr%(wj—C§)f2j]}
j=1
— [l + el fu+ 65 fu agiﬁf) t [wi = f fui = ¢ foi] —aaq;(,f)

. oq; (-
+ Z Cl fl] Co fQj) 81[1) (166)
J?ﬁ
For i € {2,...,n}, (166) can be written as:
ap|1+~v(n—2)|—7v 3 «
0 = A0 ! ( ) j; ’
Ow; [1=7][1+7(n—1)]
OP,(-) 1 >
+ Ju Z 7[1+'y(n—2)]2j;(a]+w]~l—c§l)
i

[Ty (n=2)P [ar+wr+ef ] +7[1+7(n—2)] [ +wi+ ¢ ]

[1+y(n=2)][1+y(n—-1)][2+7(n=3)] [or + w1 +¢f]

+r{2+7(n=3)][1T+7y(n=1)] =7[n—-1][1+~(n -2 Z%
Y[24y(n=3)][1+v(n—-1)]a
+[1+v(n=1){[1+y(n=2)][2+7(n—2)]=7*[n—1]}

[v1 (w1 — ¢} ) fu1 +v2 (w1 —c5) far]
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+y [y (n=1)=(1+v[n-2])(2+~[n-2])]

Jvr (wy =) fin +va (w1 —¢y) far ]

+y [ (n=1) = (1+v[n—-2])(2+7[n-2])]

vr (wi —cf) fri +va (wi — ¢cy) fai]

+y [ (n=1)=(1+~[n-2])(2+~[n—-2])]
2 o (wy = &) fuj w2 (wy — €5) fo ]

9q1(+) 1
dw, [2(1—7)+7(n-1)][2—7+27(n—1)]

n

Ky[1+v(n—2)] Z(aj+wj+c?)
7

+y[l+y(n=2)[ar+wi+cf]+7[1+7v(n—2)] [+ w; + ]

+[1+y(n=2)][2(1 =) +7(n—1)] [ar +wi +cf]

[n—1] Za—’y )+v(n—1) Zaj

—[T+y(n=1)][2+7y(n—=2)][vi (w1 —¢}) fur +v2 (w1 —c5) far]
+y[2+y(n—=2)][vi (w1 =) fur +v2 (w1 —¢5) for ]

+y[2+y(n—=2)] v (wi—cf) fri +v2 (Wi = c3) fai]

n

+7[247(n=2)] > [or (w; — ) fri+ v (w; — ) fai]
7
o1 +7(n=2)]-7 L o,
JAi

IRTEREEICE)
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—y[1+7(n-2)] Z(aﬂrwﬁrc?)
1o
fy[l+fy(n—2)]2[a1+w1—|—cﬂ —y[14+y(n—=2)][a;+w; + ¢ ]

[1]] —

+[1+v(n=2)][1+v(n—=1)][24+~v(n—3)] [ozi—kwl—kc }

—ylv(n=1)(1=v)+2+7v(n—3 Z%
Y[2+v(n=3)][1+v(n-1)]a
+y[1+y(n=2)][T+~v(n—1)][vi (w1 —¢f) fuu +v2 (w1 —c3) fau ]

Y1+ (n=2)][vi (w1 —c}) fir +va (w1 —¢y) four ]

(w; —cf) fri +v2 (Wi — ¢y ) for ]

=7 [1+7(n-2)][w

—Y[1+~(n—-2)] Z[Ul(wj—c?)f1j+vz(wy—Cg)fzj]
oo
9qi(*)

u U 8q ’ (i U
- [Cil+01f11+02f21} 8ii)+[wi—01f11—02f2i] Dw,

wp oy 96(

+ Z iy foy) DU (167)

Wi
J#z
where 85;&‘), 8;:1)(1_‘), 85:5 ) and q“() are as specified in (165).
For i € {2,...,n}, (167) can be written as:
(k1 + Ko (01 f11 + v for ) w4+ [Ks + Ka (01 fri + 02 foi )]

(168)

+ Z[”5+’€6(U1f1j+v2f2j)]wj—i—fl =0
i

where:
RJ10) 7[1+7(n—2)]2—[1+7(n—a)][1+7(n—1)][2+7(n—3)]

R1 =
811)1‘
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oq(-) y[1+v(n—=2)]+[1+y(n—=2)][2(1—=7)+v(n—-1)]
Ow; 2(1=y)+y(n=1)][2=7+27(n—1)]
N 7[1+7£n—2)]2.

) Lt (n= 1)) (1147 (0= 2)][2 47 (n=2)] =72 [0 - 1])

Ry =
8?1)2'

(1] —

+y[7(n=1)=(1+v[n-2])(2+~[n-2])]}

on() —[1+y(n—1)][24+v(n—=2)]+v[24+~(n—2)]
2(1=7)+y(n=1)][2=v+27(n—-1)]

8’(1]1'
7[1+7(n—2)][1+7(nﬁ—1)]—72[1+7(n—2)],

—

o= PO Aty (n=2)] dai()
+8Q1(‘) Y[1+7v(n-2)]
Ow; [2(1=7)+~v(n=-1)][2—7v+27(n—1)]

- é{—7[1+7(n—2)12+ [1+y(n=2)][1+7(n-1)][2+7(n-3)]}

- on() [ (n-1) - (I+y[n=2])(2+7[n—2])]
4 @w, =
L 9al) v[2+7(n—2)] L ity (n=2)]
ow; [2(1=7y)+y(n=1)][2=7+27(n—1)] E
o = 9h0) 7[1+7(n—2)]2+0ql() Y[1+v(n—2)]
° w; = dw; [2(1—7)+~v(n—1)][2—~v+27(n—1)]
+7[1+7(n—2)]2+0qj(-)
o on0) [ (n=1) - (1 47[n=2])(2+7[n—2])]
6 ow; =
91 () v[24+7(n—2)] +72[1+7(n—2)]
JI[2=v+2y(n—1)] =
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¢ 2510 j=
Poow [1=9][1+y(n—1)]
+a§;(z)é 7[1+7(n—2)]22(aj+c§l)
rx

)P [ +cf ]+ [1+7(n—2)]" e +c}]
—[1+7y(n=2)][1+y(n—1)][24+7(n—3)] [o1+ ]

+y{[2+7(n=3)][1+v(n—1)]—v[n—1][1+v(n—2)]} Z%

—y[2+y(n=3)][1+v(n—1)]a

+1+y(n=D{[1+y(n=-2)][2+7v(n=2)] =~ [n-1]}

o (=et) fu+va(—cy) far]

+y [y (n=1)=(1+v[n-2])(2+7[n-2])]

Jui(=cf) futve(—cy) fal

+7[¥(n—1)=(1+~[n—-2])(2+~[n—2])]
Jui(=cf) fritva(—cy) fail

+y [y (n=1)=(1+v[n-2])(2+7[n-2])]

n

' Z[Ul(—c?)flﬂrvz(—cg’)f%]
i
ow; [2(1=7)+v(n—1)][2=7v+27(n—-1)]

n

Al +y(n=2)1> (o5 +¢))

7
+y[l+y(n=2)][ar+cf ] +v[1+7v(n—2)][a;+¢]

+[1+y(n=2)][2(1=7)+7(n—1)][a1+cf]
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—[T+v(n=1)][2+v(n=2)][vi (=) f1 +v2(—c3) fr]
+y[2+v(n=2)][vi(—¢) fuu+va(—cy) fau]

+y(24+7v(n—=2)][vi(—cl) fri Fv2(—c5) fail
+y[2+v(n—2)] Z[Ul(_cqf)fli"‘W(_cg)f%]
rx
a;[1+y(n=2)] -~ Z a;

J#

TSI EY)

|
(1] —

—v[1+7(n—-2) Z aj +cf)
T

—y[l+y(n=2)Plar+¢] —v[1+7(n=2)) [ai+ ]

+[1+7(n=2)][1+y(n—=1)][2+7(n—=3)] [ai+¢]]
—y[y(n=1)(1=7y)+2+~v(n-3 Z%

+y[2+y(n=3)][1+v(n—-1)] o
+y[1+y(n=2)][1+v(n=1)][vi(=¢f) fi1 +v2(—c5) far]
— P14+ v(n=2)][vi (=) fu+va(—c5) fa]

— P [1+y(n=2)][oi(=¢) fri+v2 (=) foi]

n

Py (n=2)] Y Tor (=) fiy o2 (—5) foy]

i=2
J#u

Iq: (- u u g (-
a;fl) +[_Cl fl’i_CQ f?z] a,ugl)

— [c“ll+cqff11+c§‘f21}
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n da. (-
b3 (et ) 2 (169)

<
V)

<
B

Differentiating (162) with respect to w; provides:
oqi (-) 0P (-
1) R0 )

- u up 106 v 3
zz[wi—clfli_02f2i]aT<l)+[Pl_Ccll_clfn_czle] dwy duwy

(2

(144), (158), (161), and (163) imply:

0O - Ll (=) P [y (=) [y (1= 1] o + S
Pty (n=2)] [0 +oafal};
L) Ll 2P [T (=) [y (n = D)][249 (- 3)
[y (= {47 (n=2)] 12479 (0 =2)] =7 [0 = 1]} [0 fur + w2/
+ 7 [P (n=1) = (147 [n-2]) (241 [n—2])] [nfu +vafar] )
P () _ 1
dw. ()t (a2 7427 (0 1)]

A+ r(n=2)]+ [T+y(n=2)][2(1=7)+v(n-1)]

= [T+y(n=2)][2+7v(n—=2)][vifi1 +vafa]}. (171)

(140), (158), and (170) imply:

0 = Z[wi—cqffli—cgf%]ag;i)_[C?+C%f11+03f21]ag:vu(l.)
+aQ1(') 1
ow; [2(1—=7v)+y(n—=1)][2=7+2y(n—1)]
'{wuwn—znzwﬁw#c?)
1=1

+[1+7(n=2)][2(1=7)+7v(n—1)] [ar + w1 + ]

132



—[T+v(n=1)][2+v(n—=2)][vi (w1 — ¢) fu1 +va (w1 — c5) for ]

+7[2+7(n—-2)] Z[vl(wi—c‘f)flﬂrvg(wi—cg)f%]}

=1

a[1+y(n—=2)]—~ ;O‘J

0P ()
Ay [1=7][1+7(n-1)]
+a§;i-)§{ [1+~v(n—2 Z aj 4w + ¢ )

[Ty (n=2)][1+y(n—1)][2+7(n=3)] a1 + w1 +cf]

+y{[2+v(n=3)][1+v(n=1)] =y[n—-1][1+y(n—-2) Z%
—y[2+y(n=3)][1+v(n—1)]a
+[1+y(n-1){[1+7(n=2)][24+~(n—-2)]—*[n—1]}

or (wr = ¢f) fu+ v (w1 —cy) far]

+y [ (n=1)=(1+v[n-2])(2+7[n-2])]

'Z[Ul(wj—c?)f1j+vz(wj—Cg)fzj]}~ (172)

Jj=1

(172) can be written as:

0 = Z[wj_clflj_c2f2j] a?lﬂ(l)+[wi_clfli_c2f2i] aT(l)
i%i
— [Ccll—i_cl f11+62f21:| 817(1)
91 () 1

T ow 2O—n)trn-1)][2=7+27(n—1)]
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n

Y14y (n=2)]1 ) (o5 +w;+¢f)

j=2

j#i
+y[1+v(n=2)][ar +wi+ ] +7[1+7(n=2)] [ai+wi + ]

Z%

+[1+y(n=2)][2(1=v)+v(n—1)] [a1 +wi +ci]

)+v(n—1)

[n—1] Za -]

[1+y(n=1)][24+v(n—=2)][vi (w1 —¢}) fur +v2 (w1 —5) far ]

+y[2+v(n—=2)][vi (w1 —c}) fir +v2 (w1 —¢5) four ]
+y[2+7(n—2)][vi (wi —cf) fri +va (wi — 3 ) fai]

(247 (n=2)] > (o (wi =) frit vz (w; — ) for]

i=2

i#
oP, (") [1+7(n—2)}—7j;204j
dun [1=7][1+v(n-1)]
+8§;§)% 7[1+7(n—2)]2;(aj+wj+c])
i
+y[1+y(n=2) [er+w+ ] +7[1+7(n=2)] [ai +wi+ ]
[1+v(n=2)][1+v(n—1)][24+7v(n=3)][a1 +ws + ]
Z%

yin—=1][1+~v(n—2)

+y{[2+7(n=3)][1+~v(n—1)]
y[2+v(n=3)][1+v(n—-1)]
—7*[n—1]}

F 14y (n=D)]{[1+7(n=2)][2+7(n—2)]

[v1 (w1 —¢}) fi1 +va (w1 —¢5) for]
(1+7[n=2])(2+~[n—2])]

+ [ (n—1)
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o (wr =) frr +Fv2 (w1 —¢5) for ]
+y[Y(n=1)=(1+y[n=-2])(2+~[n-2])]
Jvr (wi =) fri +va (wi — ¢y ) fai]

+ [P (n=1) = (1+7[n=2]) (2+7[n—2])]

n

' Z[Ul(wj—qu)fljJrUz(wj—C?)fzj] ; (173)
7

where ag;(l-)’ 8;;(1'), and ag;(l-) are as specified in (171).

(173) can be written as:

[T1+ T2 (v1 fir + 02 for ) Jwr + [73 4+ T4 (V1 fri + v foi) ] w;

+ Z[75+76(Ulf1j+7)2f2j)]wj+§2 =0 (174)
7
where
0 Aty (n=2)]+ (14 (n=2)][2(1=7) +(n = 1)]
! Owy 2(1=y)+y(n=1)][2=7v+27y(n—1)]
OPL() 1[Iy (n=2) ~ [14+7(n=2)][1+7(n-1)][2+7(n—3)]
oun = ;
o aa() —a(n-1))[24+9(n=2)] 47245 (n—2)]
* T Tow  [2(1-y)4r(n-1)][2-7+27(n—1)]
+ 2D Ly (= 1)1 (47 (= 2) ] 247 (n = 2)] = [0 — 1))
[P (n—1) = (1+7[n—2]) (2+7[n—2])] }
I 0Qi(')+ oq (+) Y[1+v(n—2)]
PToow T 0w [2(1-79)+v(n-D)][2=7+2v(n—1)]
OP () y[L+v(n—2)]*
(’9w1 = ’
o= 90 () 1[2+7(n—2)]

ow, [2(1—7)+7(n—1)][2—7+27(n—1)] 135



2])(2+7[n—2])];

L 020 v (n-1) - (1+7[IL
owy =
;o= 900 9a() T[1+7y(n—2)]
b Ow, ow, [2(1=4)+v(n—=1)][2=~v+2v(n—1)]

P (1) y[1+~(n—2)]"

—_
—
—

Oow;
~_ 94 () Y[2+7(n—-2)]
" dw 2(1-y)+y(n—D)][2—7+27(n—1)]
OP () v[*(n—1)—(1+v[n—2])(2+~[n—2])]
811]1 =
& = et fu— et ) T (et o — e ) S [t e ] 221
Y
+8q1(-) 1
Owy [2(1=7v)+7(n—1)][2=7+27(n—1)]

n

Y1+r(n=2)] 3 (a5 +¢)
i

+y[1+v(n=2)][aa+cf ] +7[1+7(n—2)] [a;+ ]
[T+ (n—=2)][2(1=7)+v(n—1)][a1+¢{]

[n—1] Zaz Y+v(n—1) Z%

— [ty =12+~ (n=2)][or (=) fu+v2 (=) fan]

+y[2+7(n=2)][vi(=c}) fu+v2(—c5) far]

+y[24+v(n=2)][vi(—¢) fri+va(—cy) fai]

n

+y[247(n=2)] ) (o (=¢) fut v (=) fa]

j=2
i
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A=)
+8§;(1'>é 7[1+7(n—2)]2i‘2(a]+c§?)
J#i
+y[l+y(n=2) [ar+cf] +y[1+7(n—2)]" [a;+ ]
(=) [y (= 1)][2 47 (0~ 3)] [+ f]
+7{[2+7(n—3)][1+7(n—1)]—v[n—l][1+7(n—2)]}i%‘
(24 (n=3)] [T+ (n—1) ] ]
bty (=] {147 (n=2)][2 47 (n—2)] =2 [0~ 1]}
Lo (=) fr oo (— ) n]
by [ (n=1) = (147 n=2]) (24~ [n2])]
Lo (=) fr +on (= ) ]
by [ (n—1) — (147 n—2]) (24~ [n—2])]
Ton (=) Fut v (— ) fo]
+y [ (n=1)=(1+y[n—-2])(2+~[n-2])]
-f;[v1<—c?>f1j+v2<—c;>fm . (175
J#i
Define:
G1 = K1+ ke|v fi1+vefor]; s2 = K+ Ralvr fri + 02 foil;
.

= K5+ ke (V1 fij + 02 fo;]; sa = T1+T2[v1 fi1 + 02 for];
S5 = T+ Talvi fit+ve fals S6 = 75+ Te[v1 fij + 02 fo;]. (176)
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(168), (174), and (176) imply that for ¢ € {2,...,n}:

§1w1+§2wi+2§3wj+§1 = 0 and (177)
j =2
7

n
§4w1+§5wi+ZC6wy‘+fz =0
=2
J#i

= §4w1—|—2§6w]~+§2 = 0. (178)

i=2

The equivalence in (178) follows from (176) because 73 = 75 and 74 = T¢, from (175).?

3Observe from (171) that 38%(1') = %Lw(l') for all 4,5 € {2,...,n}.
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